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CHAPTER 1
Introduction
In this thesis I continue a series of studies of singular varieties associated to a pair of
submanifolds in an affine space in a natural way. The origin of the study of similar objects
called Wigner caustics can be traced back to the work of M. Berry [5] in the 1970s. He was
motivated by its appearance in the semi-classical limit of the Wigner function of a pure quantum
state whose classical limit corresponds to the given smooth curve in R2 with canonical symplectic
structure.
Other similar objects were analysed by Janeczko [22] in which he generalised the concept
of centre of symmetry for a convex body in the plane by considering the bifurcation set of a
certain family of ratios called the centre symmetry set.
Then in [12] P. Giblin and P. Holtom described an analogous method that uses envelopes.
First find all the parallel tangent pairs (pairs of points where the tangent lines are parallel) join
them with a chord (infinite straight line) and find the envelope of these chords. The envelope
of these chords is also the Centre Symmetry Set (CSS). In that paper non-convex bodies were
considered and the envelopes were found to contain additional components and singularities
that resemble the boundary singularities of V. Arnold.
A series of papers by V. Zakalyukin, P. Giblin and J. Warder [15], [16], [14] then generalised
the idea to smooth hyper-surfaces in n-dimensions. In these papers the authors took the CSS
to be the envelope of chords between points at which the tangent hyperplanes are parallel. The
generic singularities of the CSS were shown to be special singularities of wave fronts and caustics
in the context of the theory of Lagrange and Legendre mappings as developed by Arnold and
others [4]. In [31] motivation for the CSS in given, citing applications in computer vision.
In [10] W. Domitrz and M. Rios study the Global Centre Symmetry Set (GCS) which gener-
alises the concept of the CSS enabling them to consider the global properties of m-dimensional
submanifolds of the affine space Rn for n ≤ 2m. The paper also contains some motivation for
the study citing applications in quantum mechanics.
In [13] Giblin and Janeczko gave a new approach to studying the centre symmetry sets via
a family of maps obtained by reflection in the mid-points of chords of a submanifold in affine
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space. In that paper 2-dimensional surfaces in both R3 and R4 are discussed. In particular the
conditions for the caustic of the CSS for 2 surface pieces in R4 in terms of their geometry is
given.
When considering a more general case for two submanifolds Mk1 and Nk2 of some affine
space RK , we define the chords to be the infinite straight lines which join pairs of points from
M with points from N which share a common normal. It seems, at least at first, as though it
does not make sense here to talk in terms of symmetry if the two submanifolds are of different
dimensions. Therefore, following the work of Stunzhas [32], we call the envelope of the family
of chords the Minkowski set of the pair M and N .
In this thesis two main cases are investigated. The first case is the Minkowski set for a space
curve and a surface in three space (chapter 3) and the second case is the Minkowski set for two
surfaces in four space (chapter 4). In both cases the generic singularities of the Minkowski set
are classified and where possible some geometric interpretation is given.
The construction of the Minkowski set generalises that of the family of normals of a surface
in Euclidean space and also the family of affine normals of a surface in affine space.
The concept of offsets (sometimes called parallels or equidistants) in Euclidean geometry
can also be generalised in the same way. We define the wave fronts as the set of points of the
chords which divide the chord segments between the base points with a fixed ratio λ, also called
the affine time. Note that the wave fronts are sometimes called affine equidistants [14]. When
λ varies these wave fronts sweep out the singularities of the Minkowski set (see figure 2).
In [14] the bifurcations of the family of affine equidistants for two curves in the plane and
two surfaces in three space were studied. The half way equidsitant or Wigner Caustic, that is
when the ratio λ = 1
2
, is often cited as being of particular interest, see for example [5], [13],
[10] and [31].
In chapter 3 the wave fronts for a curve and surface in three space are studied and in chapter
4 the wave fronts for two surfaces in four space are considered.
The wave fronts in the case of a curve and surface in R3 are of particular interest. With
a few changes the present problem can describe that of the wave propagations from an initial
space curve with indicatrix described by a surface (see [30], [37]). In fact, the list of generic
singularity types from the problem studied in [30] coincides with the list for the case of a curve
and a surface considered in chapter 3.
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Figure 1. Example of a caustic with an A3 singularity for a curve and surface
with three chords shown.
Figure 2. Here the wave front (pink/yellow swallowtail) for a fixed value of λ
and the caustic (grey cuspidal edge) are shown together at an A3 singularity.
CHAPTER 2
General definitions, the two cases considered and a summary of
results
1. General definitions
Consider two submanifolds Mk1 and Nk2 in an affine space RK , k1+k2 ≥ K. In fact we will
consider M and N in neigbourhoods of the base-points a0 ∈M , b0 ∈ N .
A parallel pair is a pair of distinct points a ∈ M, b ∈ N such that the tangent space
Pa = TaM tangent to M at a (close to a0) and the tangent space TbN tangent to N at b (close
to b0) regarded as vector subspaces of R
K lie in a hyperplane. That is to say the tangent spaces
are weakly parallel.
A chord l(a, b) is the straight line passing through a parallel pair:
l(a, b) = {q ∈ RK | q = λb+ µa, λ ∈ R, µ ∈ R, λ+ µ = 1}.
A germ of the momentary (affine)-equidistant Eλ of the pair (M,N) is the set of points
q ∈ RK such that q = λb+ µa for given λ, µ ∈ R with λ+ µ = 1 and for all parallel pairs (a, b)
close to the distinguished base parallel pair (a0, b0). Note that E0 is the germ of M at a0 and
E1 is the germ of N at b0.
The space RK+1e = R× RK with coordinate λ ∈ R (affine time) on the first factor is called
the extended affine space.
The affine extended wave front W (M,N) of the pair M,N is the union of all affine equidis-
tants each embedded into its own slice of the extended affine space:
W (M,N) = {(λ,Eλ)} ⊂ RK+1e .
Denote by ρ : (λ, q) 7→ λ the projection of RK+1e to the first factor, and by π : (λ, q) 7→ q the
projection to the second factor.
11
12 2. GENERAL DEFINITIONS AND SUMMARY
The bifurcation set B(M,N) of a family of affine equidistants (or of a family of chords)
of the pair (M,N) is the image under π of the locus of the critical points of the restriction
πr = π|W (M,N). A point is critical if πr at this point fails to be a regular projection of a smooth
submanifold. In general B(M,N) consists of two components: the caustic Σ is the projection of
the singular locus of the extended wave front W (M,N) and the criminant △ is the (closure of
the) image under πr of the set of regular points of W (M,N) which are critical points of the pro-
jection π restricted to the regular part ofW (M,N). The caustic consists of singular points of the
momentary equidistants Eλ while the criminant is the envelope of the family of regular parts of
the momentary equidistants. Besides being swept out by the momentary equidistants, the affine
extended wave front is swept out by the liftings to RK+1e of chords. Each of them has a regular
projection to the configuration space RK . Hence the bifurcation set B(M,N) can be regarded
as the envelope of the family of chords and we also call this theMinkowski set of the pair (M,N).
We describe the situation in more detail by means of a generating family, defined as follows.
We shall shortly link the two descriptions.
Let w be local coordinates of some neighbourhood U in Rk1 and let r1 : U → RK be an
embedding with image M (of dimension k1). Let z be local coordinates of some neighbourhood
V in Rk2 and let r2 : V → RK be an embedding with image N (of dimension k2). Consider the
following family F of functions in variables n ∈ (RK)∧ \ 0, w ∈ U ⊂ Rk1 and z ∈ V ⊂ Rk2 ,
and parameters λ, q ∈ R× RK of the form
F(n,w, z, λ, q) = 〈λr1(w) + µr2(z)− q, n〉
where 〈, 〉 is the standard pairing of vectors in RK with covectors n from the dual space (RK)∧.
Recall that the wave front of a family of functions depending on parameters is the set of
parameter values which correspond to the appearance of a critical point at the zero level set of
the function.
We shall see that the wave frontW (F) of the family F , called the generating family, coincides
with the extended wave frontW (M,N). Therefore, the critical values set B(F) of the projection
of W (F) to the q-space (called the bifurcation set of F) coincides with the Minkowski set of the
pair.
Proposition 2.1. The wave front W (F) coincides with the extended affine equidistant
W (M,N) plus two components M and N themselves.
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Proof. The wave front W (F) is defined by the Legendre conditions:
F = 0, ∂F
∂n
= 0,
∂F
∂w
=
∂F
∂z
= 0
First notice that the vector-equation ∂F
∂n
= 0 is equivalent to λr1(w)+µr2(z)− q = 0, which
means that q is a linear combination of points r1 and r2 on the two manifolds respectively. In
other words, q lies on a chord.
The function F is homogeneous of degree 1 in n so ∂F
∂n
= 0 implies F = 0.
The condition ∂F
∂w
= 0 implies that〈
λ
∂r1(w)
∂w
, n
〉
= 0.
This means that either λ = 0 or n is conormal to ∂r1
∂w
. Similarly the condition ∂F
∂z
= 0 implies
that 〈
µ
∂r2(z)
∂z
, n
〉
= 0.
All together they yield either: λ = 0 and n is conormal to ∂r2
∂z
, in which case ∂F
∂n
= 0 implies
that q lies on the manifold N ; or µ = 0 (the same as λ = 1) and n is conormal to ∂r1
∂w
in which
case ∂F
∂n
= 0 implies that q lies on M ; or that n is conormal to both tangent spaces of N and
M at the corresponding points.
In the last case q lies on the chord between two points where the two tangent planes to M
and N are weakly parallel (i.e. there is a covector n which annihilates both tangent spaces).
The first two cases define M and N respectively which also form parts of the extended wave
front. 2
So we have shown that the wavefront W (F) contains the extended affine equidistant and
therefore the critical value set of its projection to the q-space is the same as the Minkowski set
of M,N .
1.1. The caustic, criminant and super caustic. The function F is homogenous in n so
writing F = n1A1+...+nK−1AK−1+nKAK it follows from ∂F∂n = 0 that F = 0. We can therefore
projectivize n taking nk = 1. The property that AK = 0, which previously followed from
∂F
∂n
= 0,
now follows from the fact that F = 0 and ∂F
∂n<K
= 0. We shall now consider all the variables
collectively as u = (n,w, z) ∈ RK+k1+k2−1. Consider the map F˜ : (u, λ, q) 7→ (F , ∂F
∂u
(u, λ, q)).
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R
K−1 × Rk1 × Rk2 × R× RK F˜ //
pi1

R× RK−1 × Rk1 × Rk2
R× RK
pi

R
K
Essentially we are interested in the bifurcation set B(F˜−1(0)) which is the image under π
of the locus of critical points of the restriction πr = π ◦ π1|F˜−1(0). The points can be critical in
three different ways:
• The set F˜−1(0) itself can be singular. For a singular point p0 ∈ F˜−1(0) the image under
the projection π ◦ π1(p0) is said to belong to what we shall call the super caustic.
• Consider a regular point p1 of F˜−1(0). Then π ◦ π1(p1) belongs to the caustic Σ if
π ◦ π1|F˜−1(0) is not regular at p1. The caustic is the closure of such points and will
contain the super caustic as a closed subset.
• The closure of the singularities of the projection π of regular points from W (M,N)
forms the criminant △.
The super caustic occurs, that is the set F˜−1(0) is singular, when the big matrix
∂F
∂n
∂F
∂w
∂F
∂z
∂F
∂λ
∂F
∂q
∂2F
∂n2
∂2F
∂n∂w
∂2F
∂n∂z
∂2F
∂n∂λ
∂2F
∂n∂q
∂2F
∂w∂n
∂2F
∂w2
∂2F
∂w∂z
∂2F
∂w∂λ
∂2F
∂w∂q
∂2F
∂z∂n
∂2F
∂z2
∂2F
∂z∂z
∂2F
∂z∂λ
∂2F
∂z∂q

fails to have maximal rank.
Theorem 2.2. For two generic submanifolds of dimension k1 and k2 of R
K the super caustic
is empty.
Proof.
The transversality theorem 3.59 (on page 107 or see [4] for details) implies that generically
we may impose up to k1 + k2 independent conditions on the submanifolds. Denote by s the
dimension of the intersection of the tangent spaces of the two submanifolds.
From the definitions and assuming the Legendre conditions hold, s must lie in the range
max(0, k1 + k2 −K + 1) ≤ s ≤ min(k1, k2). In order for the tangent spaces at the two points of
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the submanifolds to share s common directions, it requires (s−k2−k1+K)(s+max(0, K−k1−k2))
conditions.
For the big matrix to have less than maximal rank it requires k1 + k2 − s+ 1 conditions.
So generically the maximum dimension the super caustic can have is
s− (s− k2 − k1 +K)(s+max(0, K − k1 − k2))− 1.(1.1)
Denote by h the dimension of the space that is (normal) to both hypersurfaces, so h =
K+s−k1−k2. The formula 1.1 simplifies to (s−hmax(h, s)−1) which is always less than zero
since h ≥ 1 and s ≥ 0. Therefore the big wavefront is smooth for two generic submanifolds. 2
Remark. Although the super caustic is empty in all generic cases it can occur at isolated
points in parameter families of submanifolds. Some investigations into studying caustics that
occurs in 1-parameter families have been done for two curves in the plane [12] and also for two
surfaces in three space [31], however the super caustic has never been discussed before.
For a 1-parameter family of two generic curves in the plane, the super caustic consists of
just the isolated chord between parallel pairs which both have vanishing curvature. The caustic
contains this line and also has this super caustic chord as a bitangent (see figure 1) and there
are four possible ways in which this can bifurcate.
From experimentation, it appears as though the bifurcation of the wave fronts near one of
these points where the caustic is tangent to the super caustic is similar to the fronts at an H3
singularity, such as in the system of involutes at an inflection [2] or [26]). It would seem as
though this merits further investigation.
The projection π of the singular points of W (F) forms the caustic Σ.
Singularities in W (F) can either be points belonging to the super caustic or they can be
critical values of the projection π1.
The projection π1 has singularities if and only there exists a nonzero kernel vector
(ξ1, ..., ξ2K+k1+k2) with the last K + 1 entries being zero such that

∂F
∂n
∂F
∂w
∂F
∂z
∂F
∂λ
∂F
∂q
∂2F
∂n2
∂2F
∂n∂w
∂2F
∂n∂z
∂2F
∂n∂λ
∂2F
∂n∂q
∂2F
∂w∂n
∂2F
∂w2
∂2F
∂w∂z
∂2F
∂w∂λ
∂2F
∂w∂q
∂2F
∂z∂n
∂2F
∂z2
∂2F
∂z∂z
∂2F
∂z∂λ
∂2F
∂z∂q


ξ1
.
.
.
ξ2K+k1+k2
 = 0.
Considering all the variables collectively as u = (n,w, z) ∈ RK+k1+k2−1 this equation becomes
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Figure 1. The super caustic
and caustic Σ for two inflections
in the plane.
Figure 2. The wave fronts
sweeping out the caustic and
the super caustic.
(
∂F
∂u
∂F
∂λ
∂F
∂q
∂2F
∂u2
∂2F
∂u∂λ
∂2F
∂u∂q
)
ξ1
.
.
ξ2K+k1+k2
 = 0.
By the Legendre conditions the first derivatives ∂F
∂u
all vanish so the K + k1 + k2 − 1 by
K + k1 + k2 − 1 Hessian ∂2F∂u2 has zero determinant if and only if there exists a nonzero kernel
vector with ξK+k1+k2 = ... = ξ2K+k1+k2 = 0.
On the other hand, regular points of W (F) given by ∂2F
∂u2
6= 0 can also be singular under the
projection π.
This will happen for kernel vectors with ξK+k1+k2+1 = ... = ξ2K+k1+k2 = 0 and implies
∂F
∂λ
= 0
i.e. when ξK+k1+k2
∂F
∂λ
= 0. If ξK+k1+k2 = 0 then we are back to the previous case which gives
the caustic so the condition for points to belong to the criminant is ∂F
∂λ
= 0. The closure of
these regular points of the wavefront W (F) which become singular after the projection π give
the criminant △. We take the closure because we assumed that the point was regular but some
lower dimensional stratum of the criminant can also belong to the caustic.
Proposition 2.3. The criminant is a ruled surface swept out by the chords between points
for which there exists a hyperplane containing the tangent spaces at both points.
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Proof. The proof follows from the condition ∂F
∂λ
= 0 which implies that
〈r1(w)− r2(z), n〉 = 0.
This means that the n is conormal to the chord. Given that n already annihilates both tangent
spaces by the Legendre conditions it follows that the condition is satisfied if and only if there
exists a hyperplane containing both tangent spaces. 2
So we see that the bifurcation set does in fact consist of two components. The first called the
criminant occurs when ∂F
∂λ
vanishes. The second part called the caustic occurs when the Hessian
det(∂
2F
∂u2
) is zero. Both the caustic and criminant are defined by k1+k2+K− 1 variables, 1+K
parameters and K + k1 + k2 + 1 conditions so the they will in general form K − 1 dimensional
hypersurfaces in RK .
The wavefront W (F) is given by
W (F) =
{
(λ, q) | ∃u,F(u, λ, q) = 0, ∂F
∂u
(u, λ, q) = 0
}
.
The caustic is given by
ΣF =
{
q | ∃(u, λ),F(u, λ, q) = 0, ∂F
∂u
(u, λ, q) = 0, det
(
∂2F
∂u2
(u, λ, q)
)
= 0
}
.
The criminant is given by
△F =
{
q | ∃(u, λ),F(u, λ, q) = 0, ∂F
∂u
(u, λ, q) = 0,
∂F
∂λ
(u, λ, q) = 0
}
.
The standard singularity theory techniques of families of functions depending on parameters
will be applied below to study the Minkowski set and the extended wave front W (M,N).
1.2. Equivalence Classes. Recall the following basic definitions:
Definition 2.4. Two germs of families F1 and F2 of functions in variables u ∈ RK and in
parameters v = (λ, q) ∈ RK+1e where λ ∈ R and q ∈ RK are called contact-equivalent if there
exists a nonzero function germ φ(u, v) and diffeomorphism θ : RK × RK+1 7→ RK × RK+1, of
the form θ : (u, v) 7→ (Z(u, v),W (v)) such that φF1 = F2 ◦ θ.
Notice that the respective diffeomorphism θ : v 7→ W (v) of the parameter space maps the
wave front of the first family to the wave front of the second family.
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Definition 2.5. Two germs of families F1 and F2 in parameters λ, q are called space-
time contact equivalent if there exists a nonzero function φ(u, λ, q) and diffeomorphism θ̂ :
R
K × RK+1 7→ RK × RK+1, of the form θ̂ : (u, λ, q) 7→ (Z(u, λ, q),Λ(λ, q), Q(q)) such that
φF1 = F2 ◦ θ.
Notice that the diffeomorphism θ̂ : (λ, q) 7→ (Λ(λ, q), Q(q)) of the total parameter space
R
K+1 maps the extended wave front of the first family to the front of the second family and the
diffeomorphism θ̂ : q 7→ Q(q) of the q-parameter space RK maps the bifurcation set of the first
family to the bifurcation set of the second family.
Definition 2.6. Two germs of families F1 and F2 are called time-space contact equivalent
if there exists a nonzero function φ(u, λ, q) and diffeomorphism θ˜ : RK × RK+1 7→ RK × RK+1,
of the form
θ˜ : (u, λ, q) 7→ (Z(u, λ, q),Λ(λ), Q(λ, q)) such that φF1 = F2 ◦ θ.
The diffeomorphism θ˜ : (λ, q) 7→ (Λ(λ), Q(λ, q)) preserves the fibration of the λ, q space into
fibres parallel to the q space.
Define the momentary wave front Wλ0(F) ⊂ RK for the value λ0 as the intersection of the
wave front W (F) with λ = λ0 being constant. If two families are time-space contact equivalent
then their respective families of momentary wave fronts are diffeomorphic.
Definition 2.7. Two germs are said to be stably-equivalent if they become contact-equivalent
(or space- time contact, etc.) after the addition with nondegenerate quadratic forms in appro-
priate numbers of extra variables. Stably-equivalent families have the same bifurcation sets and
wave fronts.
Definition 2.8. [4] A smooth map germ f : M → N at a point x in M is said to be
(time-space, space-time, contact etc.)-stable if for a sufficiently small neighbourhood U of x
there is a neighbourhood E of the map f in the space of all smooth maps from M to N , such
that for any map f̂ in E there is a point x ∈ U such that the germ of f̂ at x̂ is (time-space,
space-time, contact etc.)-equivalent to the germ of f at x.
2. The two cases considered in this thesis
2.1. The curve and surface in R3 setup. For a curve and surface in three dimensions,
as always we take our parallel pair to be points whose tangent spaces share a common direction.
Considering the tangent planes as vector spaces being shifted to the origin, since the tangent
space of the curve is one dimensional, the only possibility is that they share one and only one
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common direction. However this case splits generically into three affinely-distinct subcases.
The affine group acting on the 1-jets of the surface and curve germs M,a and N, b split into
the following orbits which can occur in a generic setting: the transversal, tangential and super-
tangential settings of codimension 1, 2 and 3 respectively. Each setting requires slightly different
considerations so is studied separately.
Figure 3. The various affine settings for a curve and surface: Transversal (1),
Tangential (2) and Supertangential (3).
In the transversal orbit the chord does not lie in the tangent plane to the surface. In the
tangential orbit the chord lies in the tangent plane to the surface but does not coincide with the
tangent line to the curve. In the supertangential orbit the chord is collinear with the direction
of the tangent line to the curve.
2.2. The two surfaces in R4 setup. The case of two surface in four space is different.
Two generic planes in four space do not share a common direction. So in this case we define
our parallel pair to be a pair of points whose tangent planes share a common direction. It can
also happen at isolated points that the tangent planes share two common directions, i.e. they
are parallel. So for two surfaces in four space we have to consider these two cases separately.
The affine group acts on the space of 1-jets of the two surface germs M,a0 and N, b0. These
jets are determined by the base pair (a0, b0) and the tangent planes Ta0M , Tb0N . The non-generic
jets of codimension not exceeding 4 splits into the following 5 orbits:
• The single orbit of codimension 1 consists of the chords l(a0, b0) joining distinct points
a0 ∈M and b0 ∈ N . The tangent planes share a common direction but do not intersect.
Equivalently the direction of the chord l(a0, b0) does not belong to the linear span of
Ta0M and Tb0N . This orbit is called transversal.
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Figure 4. Various generic settings of 2-tangent planes in R4: transversal (1),
non-transversal (2), tangential (3), bitangential (4), parallel (5). The arrows
denote adjacency.
• The only orbit of codimension 2 is called non-transversal. It consists of chords with
distinct base points a0 ∈M and b0 ∈ N such that the tangent planes Ta0M and Tb0M
share a common direction and intersect along a line that contains neither a0 nor b0.
Equivalently, the direction of the chord l(a0, b0) belongs to the space Ta0M
⊕
Tb0N.
• The orbit of codimension 3 called tangential consists of chords with distinct base points
a0 ∈ M and b0 ∈ N such that the tangent planes Ta0M and Tb0M intersect along a
line. The line contains one of the base points, say b0. In other words, the chord l(a0, b0)
belongs to the tangent plane Ta0M .
There exist two orbits of codimension 4:
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• One of them is called bitangential and consists of chords with distinct base points
a0 ∈M and b0 ∈ N such that the tangent planes Ta0M and Tb0N share a common line
l(a0, b0) which passes through the points a0 and b0.
• The other is called parallel and consists of chords with distinct base points a0 ∈M and
b ∈ N such that the tangent planes Ta0M and Tb0N are parallel but distinct.
So, for generic surfaces any chord belongs to one of these five classes (transversal, non-
transversal, tangential, bitangential or parallel).
3. Tables of normal forms
3.1. The curve and surface in R3. For a curve and surface we have the following normal
forms of the Minkwoski set (i.e. F up to space-time contact equivalence) and descriptions of
the criminant △ and the caustic Σ (see chapter 3 for more details).
In the transversal case:
Singularity Normal form Comments (△ is empty
here)
A1 t
2 + λ Σ is empty.
A2 t
3 + q1t+ λ Σ is a smooth surface.
A3 t
4 + q2t
2 + q1t+ λ Σ is a cuspidal edge.
A4 t
5 + q3t
3 + q2t
2 + q1t+ λ Σ is a swallowtail.
In the tangential case:
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Singularity Normal form Comments
B2 ≈ C2 t2 ± ε2 + q3 △ is a smooth ruled surface.
Σ is empty.
B3 t
2 + ε3 + q2ε+ q3 △ is a ruled cuspidal edge.
Σ is empty.
B4 t
2 ± ε4 + q1ε2 + q2ε+ q3 △ is a ruled swallowtail.
Σ is empty.
C3 t
3 + tε+ q1ε+ q3 △ is a smooth ruled surface.
Σ is a smooth surface.
C4 t
4 + tε+ q2t
2 + q1ε+ q3 △ is a smooth ruled surface.
Σ is a folded Whitney um-
brella.
F4 t
3 + ε2 + q2tε+ q1t+ q3 △ is a ruled cuspidal edge.
Σ is a Whitney umbrella.
Note that in the supertangential case only B2 and C3 occur generically.
For a curve and surface we have the following adjacency diagram for singularities of the
Minkowski set (away from the curve and surface germs themselves):
A1 B2 = C2oo B3oo B4oo
A2
OO
C3
OO
oo F4
OO
oo
A3
OO
C4
OO
oo
A4
OO
For a curve and surface we have the following normal forms for singularities of the Minkowski
set in the vicinity of the surface, that is when λ is close to zero:
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Singularity Normal form Comments
Â1 λ+ q3(t
2 + 1) Only the surface M forms a
redundant component.
Â2 λ+ q3(t
3 + q1t+ 1) Smooth surface transver-
sally intersecting the surface
M .
Â3 λ+ q3(t
4 + q1t
2 + q2t+ 1) Cuspidal edge transversally
intersecting the surface M .
Singularity Normal form Comments
B̂2 −q3 + ε(t2 ± ε+ q1) Criminant: Smooth surface
tangent to M .
B̂3 −q3 + ε(t2 ± ε2 + q2ε+ q1) Criminant: ruled cuspidal
edge with second order tan-
gency to M .
Ĉ3 −q3 + ε(t3 + εt+ ε+ q2t+ q1) Criminant: ruled folded
Whitney umbrella with first
order tangency toM . Caus-
tic: smooth surface with
third order tangency with
M .
For a curve and surface, when we include the singularities near the surface we have the
following adjacency diagram for singularities of the Minkowski set:
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A1 B2oo B3oo B4oo
Â1
77oooooo
B̂2
oo
77oooooo
B̂3
oo
77oooooo
A2
OO
C3oo
OO
F4oo
OO
Â2
OO
77oooooo
Ĉ3
77oooooo
OO
oo
A3
OO
C4oo
OO
Â3
OO
77oooooo
A4
OO
For a curve and surface we have the following list of normal forms for singularities of the
wave fronts (away from the curve and surface):
Singularity Normal form Comments
A1 t
2 + q3 Smooth surface.
A2 t
3 + q2t+ q3 Cuspidal cylinder.
A3 t
4 + q1t
2 + q2t+ q3 Swallowtail.
A∗3 t
4 + (λ± q21)t2 + q2t+ q3 Swallowtail Lips / Swallow-
tail Beaks.
A4 t
5 + λt3 + q1t
2 + q2t+ q3 Butterfly.
For a curve and surface we have the following list of normal forms for singularities of the
wave fronts in the vicinity of the surface:
Singularity Normal form Comments
A˜1 λ+ q3(t
2 + 1) Smooth surface.
A˜2 λ+ q3(t
3 + q1t+ 1) Cuspidal cylinder.
A˜3 λ+ q3(t
4 + q1t
2 + q2t+ 1) Swallowtail M .
3.2. Two surfaces in R4. For two surfaces in four space we have the following list of
normal forms for the Minkowski set in the transversal setting:
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Singularity Normal form Comments (△ is empty
here)
A1 t
2 + λ Σ is empty.
A2 t
3 + q1t+ λ Σ is a smooth surface.
A3 t
4 + q2t
2 + q1t+ λ Σ is a cuspidal edge.
A4 t
5 + q3t
3 + q2t
2 + q1t+ λ Σ is a swallowtail.
A5 t
6 + q˜4t
4 + q3t
3 + q2t
2 + q1t+ λ Σ is a butterfly.
The following list contains normal forms for the Minkowski set which can occur in the non-
transversal setting, some of which can also occur in the tangential and the bitangetial settings
depending on codimension (see theorems 4.3, 4.4 and 4.5 on page 110)
Singularity Normal form Comments
B2 ≈ C2 t2 ± ε2 + q4 △ is a smooth ruled surface
× R. Σ is empty.
B3 t
2 + ε3 + q3ε+ q4 △ is a ruled cuspidal edge
× R. Σ is empty.
B4 t
2 ± ε4 + q2ε2 + q3ε+ q4 △ is a ruled swallowtail
× R. Σ is empty.
B5 t
2 + ε5 + q1ε
3 + q2ε
2 + q3ε+ q4 △ is a ruled butterfly. Σ is
empty.
C3 t
3 + tε+ q3ε+ q4 △ is a smooth ruled surface
× R. Σ is a smooth surface
× R.
C4 t
4 + tε+ q2t
2 + q3ε+ q4 △ is a smooth ruled surface
× R. Σ is a folded Whitney
umbrella × R.
C5 t
5 + tε+ q1t
3 + q2t
2 + q3ε+ q4 △ is a smooth ruled surface
× R. Σ is a kind of open
swallowtail
F4 t
3 + ε2 + q2tε+ q3t+ q4 △ is a ruled cuspidal edge
× R. Σ is a Whitney um-
brella × R.
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We also have the following non-simple classes
F1,0 : F = t3 + a(q1, ..., q4)tε2 + ε3 + q1t+ q2ε+ q3εt+ q4,
K4,2 : F = t4 + b(q1, ..., q4)t2ε+ ε2 + q1t2 + q2tε+ q3t+ q4,
where a(q) and b(q) are functional moduli observed at isolated points, only the conditions
4a3(0) + 27 6= 0 and b2(0) 6= 4 must hold.
We have the adjacency diagram
A1 B2 = C2oo B3oo B4oo B5oo
A2
OO
C3
OO
oo F4
OO
oo F1,0oo
A3
OO
C4
OO
oo K4,2oo
OO
A4
OO
C5
OO
oo
A5
OO
In the parallel case:
Ĉ±2, 2 : =
E∗ = s2 ± t2 + q1s+ q2t+ q3H∗ = st− ε
C˜2, 2 : =
E∗ = s2 − t2 + q1s+ q2t+ q3H∗ = s2 + t2 − ε.
Ĉ2, 3 : =
Ê = s2 + t3 + q4t2 + q1s+ q2t+ q3.Ĥ = s2 − t2 − ε.
C˜2, 3 : =
E˜ = s2 + 2st+ t3 + q4t2 + q1s+ q2t+ q3H˜ = st− ε.
The singularities from the parallel case join up with the main adjacency diagram as follows:
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B2 B3oo
Ĉ+2, 2
hhQQQQQQQQQQQQQQQQQQ
Ĉ−2, 2
WW0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
C˜2, 2
``BBBBBBBBBBBBBBBBBBBBBB
Ĉ2, 3
OO
``BBBBBBBB
oo
C3
OO
C˜2, 3oo
OOaaBBBBBBBB
For two surfaces in four space we have the following list of normal forms for the wavefronts
in the non-parallel cases away from the surfaces (note that the wavefronts for the parallel case
are not considered in this thesis).
Singularity Normal form Comments
A1 t
2 + q3 Smooth surface.
A2 t
3 + q2t+ q3 Cuspidal cylinder.
A3 t
4 + q1t
2 + q2t+ q3 Swallowtail.
A4 t
5 + λt3 + q1t
2 + q2t+ q3 Butterfly.
A∗3 t
4 + (λ± q21 ± q22)t2 + q3t+ q4 Swallowtail elliptic lips,
swallowtail elliptic beaks
and swallowtail hyperbolic
lips-beaks.
A∗4 t
5 + (λ± q21)t3 + q2t2 + q3t+ q4 Butterfly Lips / Butterfly
Beaks.
A5 t
6 + λt4 + q1t
3 + q2t
2 + q3t+ q4 Wigwam.
CHAPTER 3
Curve and surface in three space
In this chapter we classify generic singularities of the Minkowski set and generic singularities
of the bifurcations of affine wave fronts for a curve and surface in R3.
Consider a 2-dimensional manifold M and a 1-dimensional manifold N in an affine space
R
3. Recall that a parallel pair is a pair of distinct points a ∈ M, b ∈ N such that the plane
Pa = TaM tangent to M at a is parallel to the line TbN tangent to the curve N at b. Denote by
Pb the unique plane parallel to Pa passing through b. We briefly recall the relevant definitions.
A chord l(a, b) is a straight line passing through a parallel pair:
l(a, b) = {q ∈ R3 | q = λb+ µa, λ ∈ R, µ ∈ R, λ+ µ = 1}.
A germ of the affine (λ, µ)-equidistant Eλ of the pair (M,N) is the set of points q ∈ R3 such
that q = λb + µa for given λ, µ ∈ R with λ + µ = 1 and for all parallel pairs (a, b) close to a
distinguished base parallel pair (a0, b0). Note that E0 is the germ of M at a0 and E1 is the germ
of N at b0 and that, excluding λ = 1, each equidistant Eλ is a 2-dimensional variety.
The space R4e = R× R3 with coordinate λ ∈ R (affine time) on the first factor is called the
extended affine space.
The affine extended wave front W (M,N) of the pair M,N is the union of all affine equidis-
tants each embedded into its own slice of the extended affine space:
W (M,N) = {(λ,Eλ)} ⊂ R4e
Denote by ρ : (λ, q) 7→ λ the projection of R4e to the first factor, and by π : (λ, q) 7→ q the
projection to the second factor.
Recall that the Minkowski set is the image under π of the locus of the critical points of the
restriction πr = π|W (M,N) and coincides with the family of chords (see chapter 2 section 1).
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In this chapter we classify the singularities of the Minkowski set that can arise in a generic
setting. The method we use requires different considerations for points away from the curve
and surface and points lying on the surface or on the curve.
The affine group acting on the 1-jets of the surface and curve germs M,a and N, b split
into the following orbits which can occur in a generic setting: the transversal, tangential and
supertangential settings of codimension 1, 2 and 3 respectively. See chapter 2 section 2.1 and
figure 3 for the details.
Each setting requires slightly different considerations so are studied separately.
In section 2.2 of this chapter the transversal case is studied, the tangential in section 5 and
finally the super tangential in section 6. Finally we look at the case λ = 0 near the surface itself
in 8. Note that the case of λ = 1 is not considered in this thesis.
The main results of this chapter are the following theorems:
Theorem 3.1. For generic germs of M and N in the transversal case the germ at any point
of the Minkowski set away from M and N is diffeomorphic to one of the standard caustics of
Ak type with k = 2, 3 or 4 (regular surface, cuspidal edge or swallowtail).
Remark. Away from the curve and surface each generic chord contains at least one point
belonging to the caustic. This point occurs when the ratio of λ and µ is equal to the ratio of
certain numbers intrinsically depending on the 2-jets ofM and N . Notice that in the transversal
case the criminant is void.
Theorem 3.2. In the transversal case away from M and N the bifurcations of families of
momentary wave fronts are diffeomorphic to the standard bifurcations of Ak singularities for
k = 2, 3 and 4 (the only non-trivial ones being swallowtail beaks, swallowtail lips and butterfly).
Theorem 3.3. Generically in the transversal case the Minkowski set transversally intersects
the surface M either at its smooth points or at the points of a cuspidal ridge.
Remark. The caustic transversally intersects the surface at the point a when the plane Pb is
the osculating plane to the curve N at b. The caustic is singular at the base point a if the plane
Pb has contact greater than 3 with the curve N at b.
Theorem 3.4. The generic bifurcations of affine equidistants in the transversal case in the
vicinity of the surface M are diffeomorphic to one of the bifurcations of the singularities A˜1, A˜2
or A˜3 (see the table on page 24).
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Theorem 3.5. In the tangential case the germ at any point outside M and N of the
Minkowski set for generic N and M is diffeomorphic to one of the standard caustics of the
boundary singularities of the types B2, B3, B4, C3, C4 or F4. If moreover the tangent line to the
curve coincides with the chord (supertangential setting) then generically only B2 and C3 occur.
Remark. Recall that the bifurcation set for Bk singularities consists only of the criminant.
In our case the criminant is a ruled surface swept out by the tangential chords themselves.
At a B2 singularity the criminant is smooth, at a B3 it is a cuspidal edge and at a B4 it is
a swallowtail. At a C3 singularity both the criminant and the caustic are smooth and have
second order tangency along a common curve. At a C4 point the criminant is smooth and the
caustic is diffeomorphic to a folded Whitney umbrella. At an F4 singularity the criminant is
diffeomorphic to a semi-cubic cylinder and the caustic is diffeomorphic to a Whitney umbrella.
Theorem 3.6. In the tangential case away from M and N the bifurcations of families of
momentary wave fronts are diffeomorphic to the standard bifurcations of Ak singularities for
k = 2 or 3. If moreover the tangent line to the curve coincides with the chord (supertangential
setting) then generically only A2 occurs.
Theorem 3.7. For generic germs of M and N in the tangential case the germ at any point
of the Minkowski set at the surface M is diffeomorphic to one of the caustics of types B̂2, B̂3 or
Ĉ3 (see the table on page 23).
Theorem 3.8. The list of generic bifurcations of affine equidistants in the tangential case
coincides with that of the transversal case for k = 2 and 3.
Theorem 3.9. The generic bifurcations of affine equidistants in the tangential case in the
vicinity of the surface M are diffeomorphic to one of the bifurcations of the singularities A˜1, A˜2
without the constant term (see the table on page 24).
1. The generating family for a curve and surface
Fortunately the singularities of the Minkowski set happen to be singularities of Lagrange
and Legendre projections determined by an appropriate generating family. Below we recall
the explicit form of the generating family and determine its singularities with respect to the
appropriate groups of equivalencies preserving either the diffeomorphic type of the Minkowski
set or the type of bifurcation of the affine equidistants.
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Let x, y be local coordinates of some neighbourhood U in R2 and let r2 : U → R3 be an
embedding with the image M . Let t be the local coordinate of some neighbourhood V in R and
let r1 : V → R3 be an embedding with the image N .
In this case the generating family (see section 1) F of functions in variables n ∈ (R3)∧ \{0},
t and (x, y), and parameters (λ, q) ∈ R× R3 of the form
F(n, t, x, y, λ, q) = 〈λr1(t) + µr2(x, y)− q, n〉
where 〈, 〉 is the standard pairing of vectors in R3 with covectors n from the dual space (R3)∧.
We use the standard notions of space-time contact and time-space contact equivalence for
families of functions with parameters λ, q. If the underlying diffeomorphism of the parameter
space λ, q preserves the projection π then we get space-time contact equivalence. Similarly if
the projection ρ is preserved then we get time-space contact equivalence. See definitions 2.5
and 2.6 and more details can be found in [3], [15], [16] and [14].
Recall from chapter 2 that the wave front W (F) of a family of functions F depending on
parameters is the set of parameter values which correspond to the appearance of a critical point
at the zero level set of the function [3]. In this setting the wave front W (F) is defined by the
Legendre conditions:
F = 0, ∂F
∂n
= 0,
∂F
∂t
= 0,
∂F
∂x
=
∂F
∂y
= 0.
Proposition 3.10. (Proposition 2.1) The wave front W (F) coincides with the affine ex-
tended wave front W (M,N) plus two components M and N themselves (see chapter 2).
The standard singularity theory techniques of families of functions depending on parameters
will be applied below to study the Minkowski set and the extended wave front W (M,N).
Recall definition 2.7 of stable equivalence and that stably-equivalent families have the same
bifurcation sets and wave fronts. The following proposition permits us to replace the family F
by a stably-equivalent family with fewer variables Φ(t, λ, q).
2. The Minkowski set in the transversal setting
2.1. Reducing the number of variables. In the transversal case up to an appropriate
affine transformation of R3 we can always assume that in some coordinate system (x, y, z) the
base parallel pair a0, b0 coincides with the pair of points (0, 0,−1), (0, 0, 0), the tangent plane to
the surface M at a0 is parallel to the (x, y)-coordinate plane and the tangent line to the curve
N at b0 coincides with the x-axis. In these coordinates the surface M in the neighbourhood
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of a0 is the graph M = {(x, y, z)|z = f(x, y) − 1} of the function f with vanishing 1-jet. Let
f(x, y) =
∑
i+j≥2
fijx
iyj = f20x
2+ f11xy+ f02y
2+ f30x
3+ f21x
2y+ ... be the Taylor decomposition
of the germ of f at the origin.
Define the curve N to be the set {(t, α(t), β(t))} with the functions α(t) = α2t2+α3t3+ . . .
and β(t) = β2t
2 + β3t
3 + . . . starting with at least quadratic terms in t.
We use the Hadamard lemma to prove the proposition 3.12 below. This implies that we
can reduce the number of variables of the family germ F using the stabilisation procedure (see
[3]). In particular two families are called stably-equivalent if one of them is right equivalent
(as a parameter depending family) to the other plus a non-degenerate quadratic form in some
auxiliary variables. Under this stabilisation the bifurcation diagrams remain the same.
Lemma 3.11. (Hadamard) For a smooth function f defined on an open, star-convex neigh-
borhood U of a point a in n-dimensional vector space
f(x) = f(a) +
n∑
i=1
(xi − ai)hi(x)
for a = (a1, ..., an) and x = (x1, ..., xn) ∈ U where each hi is a smooth function on U .
Proposition 3.12. The germ of the family F at a point corresponding to a point on the
base chord away from µ = 0 is stably-equivalent to the family germ
Φ(t, λ, q) = λβ(t) + µ
[
f
(
q1 − λt
µ
,
q2 − λα(t)
µ
)
− 1
]
− q3(2.1)
in the variable t ∈ R and parameters λ ∈ R, µ = 1 − λ, and q ∈ R3 at an appropriate point
λ = λ0, t = 0, q = 0.
Proof. Writing the family F in the coordinate form we get
F = An1 + Bn2 + Cn3
where
A = λt+ µx− q1
B = λα(t) + µy − q2
and
C = λβ(t) + µ[f(x, y)− 1]− q3.
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For µ 6= 0 the functions A and B are regular with respect to x and y respectively. They can
be chosen as the coordinate functions instead of x and y. In particular we can write
x =
A+ q1 − λt
µ
, and y =
B + q2 − λα(t)
µ
.
So in the new coordinates we have F = An1 + Bn2 + C(A,B, t, λ, q)n3 where the function
C does not depend on n1 and n2.
Applying Hadamard’s lemma to the function C we get
C(A,B, t, λ, q) = C(0, 0, t, λ, q) + Aϕ1 + Bϕ2,
where ϕ1 and ϕ2 are smooth functions in A,B, t, λ and q which vanish at A = B = t = q1 =
q2 = 0.
Now the function F takes the form F = A(n1+ϕ1n3)+B(n2+ϕ2n3)+C(0, 0, t, λ, q) where
the first two terms represent a non degenerate quadratic form in the independent variables
A, (n1 + ϕ1n3), B and (n2 +ϕ2n3) in a vicinity of the chord l(a0, b0). Therefore, the function F
is stably-equivalent to the function Φ = C(0, 0, t, λ, q) being the restriction of the function C to
the subspace A = B = 0 which completes the proof of 3.12. 2
2.2. First part of the proof of theorem 3.1. The following proposition together with
explicit calculations from the normal form will prove theorem 3.1.
Proposition 3.13. For a generic pair of M and N at any point q of a base chord (a0, b0)
except the points a0 and b0 themselves (λ = 0 or λ = 1) the germ of the respective generating
family Φ is space-time contact equivalent to one of the standard versal deformations in param-
eters (λ, q) ∈ R × R3 of the function germs at the origin in the variable t of the type Ak for
k = 1, . . . , 4 as follows (see table 3.1):
A1 : Φ = t
2 + λ; A2 : Φ = t
3 + q1t+ λ;
A3 : Φ = t
4 + q2t
2 + q1t+ λ; A4 : Φ = t
5 + q3t
3 + q2t
2 + q1t+ λ.
The theorem implies that for a generic pair of a surface and a curve the germ at any point
of the Minkowski set is diffeomorphic to one of the Ak caustics for some k = 2, 3 or 4. The germ
at any point of the affine extended wave front is diffeomorphic to the Ak bifurcation diagram
for some k = 1, 2, 3, or 4.
Remark. For the case A0 : Φ = t the function germ is non-critical and corresponds to a point
outside the extended wave front. In the case A1 : Φ = t
2 + λ = 0 the extended wave front
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germ is regular and the caustic is empty. For A2 : Φ = t
3 + q1t + λ the extended wave front is
diffeomorphic to the product of a cusp with 2-dimensional space whilst the caustic is a smooth
surface. For the case A3 : Φ = t
4+ q2t
2+ q1t+λ the extended wave front is diffeomorphic to the
product of a swallowtail with a line and the caustic is diffeomorphic to a semi-cubic cylinder.
Finally, for the case A4 : Φ = t
5 + q3t
3 + q2t
2 + q1t+ λ the extended wave front is diffeomorphic
to a 3-dimensional generalised swallowtail (butterfly) and the caustic is diffeomorphic to the
ordinary swallowtail.
The proof of the theorem uses the property ∂Φ
∂λ
6= 0 which holds in the transversal case.
The stability with respect to space-time contact equivalence of the germ Φ with this property
coincides with its stability with respect to standard contact equivalence.
Definition 3.14. The germ of a family of functions F (t, λ, q) is called infinitesimally-contact
versal if for any germ ϕ(t, λ, q) there exists a decomposition of the form
ϕ(t, λ, q) = h(t, λ, q)F +
∂F
∂t
T (t, λ, q) + Λ(λ, q)
∂F
∂λ
+
3∑
i=1
Qi(λ, q)
∂F
∂qi
(2.2)
with some smooth function germs h, T, λ and Q in the respective variables.
The germ of a family of functions F (t, λ, q) is called infinitesimally space-time contact versal
if for any germ ϕ(t, λ, q) there exists a decomposition of the form (2.2) where the functions Qi
depend on q only. Recall that omitting the term h(t, λ, q) in formula (2.2) gives the definition
of the infinitesimal (right) versality of the family.
According to standard results of singularity theory [4], [7] and [35] the infinitesimal space-
time contact versality implies both versality and stability of the family F with respect to space-
time contact transformations. In particular all infinitesimally space-time contact versal families
with the same organising centre are space-time contact equivalent to a single standard space-
time contact versal unfolding of the centre. Similar properties hold for infinitesimal time-space-
contact versality.
Proof of proposition 3.13.
The generating family Φ has the special property that ∂Φ
∂λ
6= 0 at the base point. The
following lemma reduces the infinitesimal space-time contact versality condition of the family
with this property to yet more simple standard infinitesimal versality.
Definition 3.15. A function germ g : (Rn, 0) → (R, 0) is said to be quasi-homogeneous if
∃ a vector field v on Rn such that Lvg = g where function α is not 0 at the base point.
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Lemma 3.16. Let F (t, λ, q) be a (right) infinitesimally versal deformation with parameters
λ and q of a quasi-homogeneous germ of a function f(t) at the origin. If ∂F
∂λ
6= 0 at the origin,
then F is space-time contact infinitesimally versal.
Proof. The condition ∂F
∂λ
6= 0 implies that we can write F in the form F = (λ−Z(t, q))S(t, λ, q)
with some function Z, where Z(0, q0) = λ0, and some nonzero function S. In fact, the equation
F = 0 defines a regular hypersurface X0 in (t, λ, q)-space. Since
∂F
∂λ
6= 0, by the implicit function
theorem X0 is a graph of the function λ = Z(t, q). So the function F̂ = λ−Z(t, q) also vanishes
on X0.
By Hadamard’s lemma 3.11 F and F̂ differ by a nonzero factor S(t, λ, q), giving F = F̂ · S.
At first we prove the lemma for F̂ = λ − Z(t, q). Notice that Z(t, 0) = f(t)S−1(t, 0). Due
to quasi-homogeneity of f(t) the germ Z(t, 0) is also quasi-homogeneous and the deformation
F̂ is infinitesimally right versal.
We need to prove that for any germ ψ there is a decomposition with some smooth functions
h(t, λ, q), T (t, λ, q),Λ(λ, q) and Q(q) of the following form:
ψ(t, λ, q) = F̂ · h(t, λ, q) + ∂F̂
∂t
· T (t, λ, q) + ∂F̂
∂λ
· Λ(λ, q) +
3∑
i=1
∂F̂
∂q
·Q(q).
Notice that none of the terms ∂F̂
∂t
, ∂F̂
∂λ
and ∂F̂
∂q
depends on λ, and that ∂F̂
∂λ
= 1.
Therefore due to the right versality of F̂ any germ ϕ(t, q) has the decomposition
ϕ(t, q) =
∂F̂
∂t
· T (t, q) + ∂F̂
∂λ
· Λ(q) +
3∑
i=1
∂F̂
∂qi
·Q(qi)(2.3)
By Hadamard’s lemma for any germ ψ(t, λ, q) we now have
ψ(t, λ, q) = (λ− Z(t, q)) · h(t, λ, q) + ψ(t, Z(t, q), q)
for some nonzero function h. Therefore decomposing the function ψ(t, Z(t, q), q) by the formula
(2.3) we get
ψ(t, λ, q) = F̂ · h+ ∂F̂
∂t
· T˜ (t, q) + ∂F̂
∂λ
· Λ˜(q) +
3∑
i=1
∂F̂
∂q
· Q˜(q)(2.4)
as required. The following proposition completes the proof of lemma 3.16:
Proposition 3.17. If F̂ is space-time contact versal then so is F = F̂ · S.
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To show this multiply the decomposition (2.4) by the germ S.
S · ψ = S · F̂ · h+ S · ∂F̂
∂t
· T˜ (t, q) + S · ∂F̂
∂λ
· Λ˜(q) + S ·
3∑
i=1
∂F̂
∂q
· Q˜(q)
Now the product rule implies
S · ψ = S · F̂ · h+ ∂(SF̂ )
∂t
· T˜ + ∂(SF̂ )
∂λ
· Λ˜ +
3∑
i=1
∂(SF̂ )
∂qi
· Q˜
−F̂ · (∂S
∂t
· T˜ + ∂S
∂λ
· Λ˜ +
3∑
i=1
∂S
∂qi
· Q˜)
or equivalently:
S · ψ = F ·
(
h− S−1 ·
(
∂S
∂t
· T˜ + ∂S
∂λ
· Λ˜ +
3∑
i=1
∂S
∂qi
· Q˜
))
+
∂F
∂t
· T˜ + ∂F
∂λ
· Λ˜ +
3∑
i=1
∂F
∂qi
· Q˜.
Since the germ S · ψ is arbitrary we get the decomposition required which completes the proof
of proposition 3.17 and also lemma 3.16.
Remark. Lemma 3.16 and proposition 3.17 also hold for family germs in a multi-dimensional
variable t = (t1, ..., tn).
2.3. Second part of the proof of theorem 3.1: Expanding the generating family.
Denote by g(t) = Φ(t, λ0, 0, 0, q3,0) the organising centre function in t for the family germ Φ
at some distinguished point m0 = (0, λ0, 0, 0, q3,0 = −µ0) on the base chord l(a0, b0). In the
adapted coordinates the tangent line to the curve N at b0 coincides with the x-axis therefore
the functions α(t) and β(t) start with at least quadratic terms in t (as on page 31).
α(t) = α2t
2 + α3t
3 + α4t
4 + ..., β(t) = β2t
2 + β3t
3 + β4t
4 + ...
Let
f(x, y) =
∑
fijx
iyj = f20x
2 + f11xy + f02y
2 + f30x
3 + f21x
2y + f12xy
2 + f03y
3 + ...
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be the Taylor decomposition of the germ of f at the origin and let Φk(λ, q) be the coefficients
in the Taylor decomposition at the origin of the generating family Φ with respect to t:
Φ(t, λ, q) =
∞∑
k=0
Φk(λ, q)t
k.
The coefficients Φk in the Taylor expansion of Φ(t, λ, q) are as follows:
Φ0 = −µ− q3 + ...
Φ1 = −λ
µ
(2q1f20 + q2f11) + ...
Φ2 = − λ
µ2
(2µα2q2f02 − 3q1λf30 − λµf20 − µ2β2 − λq2f21 + q1µα2f11) + ...
Φ3 = − λ
µ3
(λ2q2f31 − 2q1λµα2f21 − 2λq2α2µf12 + 4q1λ2f40 − λµ2α2f11
+λ2µf30 + q1µ
2α3f11 − µ3β3 + 2q2µ2α3f02) + ...
Φ4 = − λ
µ4
(λµ3α22f02 + 2q2α4µ
3f02 − λµ3α3f11 + λ2µ2α2f21 − 5q1λ3f50
−2q1λµ2α3f21 − q1λµ2α22f12 + q1µ3α4f11 − 2λq2α3µ2f12 − λ3q2f41
+3q1µλ
2α2f31 − 3λq2µ2α22f03 − µ4β4 − λ3µf40 + 2λ2q2µα2f22) + ...
Φ5 = − λ
µ5
(µ4α5q1f11 +−λµ4α4f11 + 2µ4q2α5f02 − 2λµ4α2α3f02
−2λµ3α4q1f21 + λ2µ3α3f21 + λ2µ3α22f12 − 2λµ3α2α3q1f12
−2λµ3α4q2f12 − 6λµ3α2α3q2f03 + 3λ2µ2α3q1f31 − λ3µ2α2q1f31
+2λ2µ2α22q1f22 + 2λ
2µ2α3q2f22 + 3λ
2µ2α2q2f13 + λ
4µf50
−4λ3µα2q1f41 − 2λ3µq2α2f32 + 6λ4q1f60 + λ4q2f51 − µ5β5) + ...
where terms of order greater than 1 in q1 and q2 are denoted by dots.
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Setting in these formulas q1 = q2 = 0 we get the following expressions of the Taylor coeffi-
cients of the organising centre gk = Φk|q1=q2=0 at a chord point m0:
g0 = −µ− q3,
g1 = 0
g2 = λ
(
λ
µ
f20 + β2
)
,
g3 = λ
(
−λ
2
µ2
f30 +
λ
µ
α2f11 + β3
)
,
g4 = λ
(
λ3
µ3
f40 − λ
2
µ2
α2f21 +
λ
µ
(α22f02 + α3f11) + β4
)
,
g5 = λ
(
−λ
4
µ4
f50 +
λ3
µ3
α2f31 − λ
2
µ2
(α3f21 + α
2
2f12) +
λ
µ
(α4f11 + 2α2α3f02) + β5
)
.
The equation Φ = 0 on the base chord implies that −µ− q3 = 0. Shifting the origin to the
point m0 = (0, λ0, 0, 0, q3, 0 = −µ0) we introduce new coordinates ε = λ − λ0 and q∗3 = q3 + µ0
which vary near the origin. So now q3 = −µ0 + q∗3 and λ = λ0 + ε.
2.4. Third part of the proof of theorem 3.1: Recognition of singularities. The
organising centre g(t) has singularity type Ak at the chord point t = 0, λ = λ0 if g0, . . . , gk are
vanishing but gk+1 is non-vanishing.
The points of types Ak for k ≥ 2 belong to the caustic. So the point m0 belongs to the
caustic if and only if q3 = −µ0 and g2 = λ
(
λ
µ
f20 + β2
)
= 0. The singularity A2 occurs precisely
when g2 = 0, and g3 6= 0.
Clearly if λ = 0 then the function g2 vanishes, in fact all the functions gi vanish, so the
surface forms part of the Minkowski set and this is studied in more detail in section 8 of this
chapter. If λ 6= 0 then g2 vanishes when (β2 − f20)λ = β2.
Definition 3.18. We call the situation when f20 = β2 = 0 the flattening case, otherwise we
call it the non-flattening case, that is when either of f20 or β2 is nonzero.
In the non-flattening case the equation g2 = 0 means there is a single caustic point on the
base chord at m0 for λ = λc where λc =
β2
β2−f20
. If f20 = β2 but are both nonzero then the
caustic point goes to ‘infinity’.
If β2 = 0 and f20 is nonzero then the caustic occurs at the surface itself and this is studied
in more detail in chapter 8.
40 3. CURVE AND SURFACE IN THREE SPACE
If f20 = 0 and β2 is nonzero then the caustic occurs at the curve itself and this case is not
studied in this thesis.
Otherwise, in the flattening case where f20 = β2 = 0, the value of λc becomes arbitrary. In
this case the whole base chord belongs to the caustic. This is a new feature of the Minkowski
set for a curve and surface and does not occur for 2 surfaces in 3-space, see [15].
Remark. Geometrically, the condition β2 = 0 occurs when the tangent plane to the curve Pb is
an osculating plane. The condition f20 = 0 occurs when the x-axis corresponds to an asymptotic
direction of the surface M .
Remark. It was shown in [15] that for the case of two surfaces in R3 there are generically two
caustic points on a chord, however they could be complex. In the case of a curve and surface
considered here, for the non-flattening case, there is generically one caustic point λc outside
the surface itself which is always real. The flattening case is a special feature for our problem
involving a curve and a surface.
Since all Ak singularities are quasi-homogeneous then, based on lemma 3.16, to complete
the proof of theorem 3.2 it suffices to prove the standard right versality of generating family
germs at chord points.
Let F : R × Rr 7→ R be an unfolding of a function f(t), t ∈ R with parameters q ∈ Rr
and let f(t) have an Ak singularity at the origin. Denote by δij =
∂F i+1
∂ti∂qj
|q=0,t=0, which are
certain coefficients of the k-jet of F at the origin. Let Mk be the matrix with the entries
(δij), i = 0, ..., k − 1, j = 1, ..., r. Then F is right versal if and only if the matrix Mk has rank
k (see [6]).
To apply this criterion, we need the derivatives of Φ with respect to the parameters at the
origin which are as follows:
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∂Φ1
∂q1
= −2λ
µ
f20,
∂Φ2
∂q1
= − λ
µ2
(α2µf11 − 3λf30),
∂Φ3
∂q1
= − λ
µ3
(4λ2f40 + α3µ
2f11 − 2λµα2f21),
∂Φ1
∂q2
= −λ
µ
f11,
∂Φ2
∂q2
= − λ
µ2
(2µα2f02 − λf21),
∂Φ3
∂q2
= − λ
µ3
(2µ2α3f02 + λ
2f31 − 2λµα2f12).
For q∗3 we have
∂Φ
∂q∗3
= −1.
Finally the differentiation of Φi with respect to λ at qi = 0 yields
∂Φ0
∂λ
= 1,
∂Φ1
∂λ
= 0,
∂Φ2
∂λ
= β2 − f20 + f20
µ2
,
∂Φ3
∂λ
= β3 + α2
(λ3 − 3λ2 + 2λ)
µ3
f11 +
(λ3 − 3λ2)
µ3
f30.
The occurrence of an Ak singularity depends only on terms Φi≤k+1 and on the matrix Mk of
first order partial derivatives with respect to parameters and up to (k− 1)th order with respect
to t.
Notice that the conditions g1 = 0, ..., gk = 0 define a Whitney stratification in the jet space
of adapted embeddings. In fact each of these conditions, outside the common zero set given by
λ = 0, defines a regular hypersurface in the space of germs and moreover those hypersurfaces
are mutually transversal since each equation gi = 0 involves only one variable βi and can be
solved for it in terms of coefficients fjl and αs.
Due to the transversality theorem we need only to consider k ≤ 4 (see lemma 3.56).
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The jet matrix for the family of functions Φ shall be denoted M4 and notice that matrices Mj
for j ≤ k consist of the first j rows of M4. The matrix M4 = (δij) where
δi1 =
∂i+1Φ
∂ti∂q∗3
, δi2 =
∂i+1Φ
∂ti∂λ
, δi3 =
∂i+1Φ
∂ti∂q1
and δi4 =
∂i+1Φ
∂ti∂q2
.
Up to nonzero factors of the rows, M4 takes the form
M4 =

−1 1 0 0
0 0 2f20 f11
0 δ32 δ33 δ34
0 δ42 δ43 δ44

where
δ32 = (λ− 1)2(β2 − f20) + f20,
δ33 = µλα2f11 − 3λ2f30,
δ34 = 2µλα2f02 − λ2f21,
δ42 = β3(1− λ)3 + α2(λ3 − 3λ2 + 2λ)f11 + (λ3 − 3λ2)f30,
δ43 = −α3µλ2f11 + 2λ2µα2f21 − 4λ3f40,
δ44 = −2µ2λα3f02 + 2λ2µα2f12 − λ3f31.
2.5. Fourth part of the proof of theorem 3.1: Checking versality. In this section
we verify the versality of each of the possible generic singularities in turn.
Versality of A1 singularities
An A1 singularity occurs on the base chord at the point m0 when Φ =
∂Φ
∂t
= 0 and g02 =
λ(λ
µ
f20 + β2) 6= 0. This corresponds to regular points of the wave front which do not belong to
the caustic.
Lemma 3.19. A1 singularities of the extended wave front are versally unfolded.
Proof. The proof is immediate because the matrix
M1 =
(
−1 1 0 0
)
always has the maximal rank of 1. 2
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Versality of A2 singularities in the non-flattening case
If f20 − β2 6= 0 then there exists a single caustic point on the base chord at m0 for λ = λc
where λc =
β2
β2−f20
.
Lemma 3.20. In the non-flattening case A2 singularities are versally unfolded.
Proof. Versality of the A2 singularities is determined by whether the matrix M2 has maximal
rank 2.
M2 =
(
−1 1 0 0
0 0 2f20 f11
)
The matrix M2 has non-maximal rank only if both f11 and f20 vanish. If f20 = 0 however
the caustic point occurs on the curve N . Therefore, away from the curve the A2 singular point
at in the non-flattening case λc is always versally unfolded. 2
Recall that in this case the extended wave front is diffeomorphic to the product of a cusp
with 2-dimensional space whilst the caustic is a smooth surface.
Versality of A3 singularity in the non-flattening case
Having β2 − f20 6= 0, gives an Ak singularity with k ≥ 2 at λc = β2β2−f20 . If the condition
g3 = λc
(
λc
1−λc
α2f11 − λ
2
c
(1−λc)2
f30 + β3
)
= 0 is also satisfied then the singularity at λc becomes
more degenerate. This happens when β3 =
λ2c
(1−λc)2
f30 − λc1−λcα2f11, which after the substitution
of the value λc becomes β3 =
β2(α2f20f11+β2f30)
f220
. If this holds and g4 6= 0 then we have an A3
singularity at λc. Notice that β3 is a variable independent to those required for the versality of
an A2 singularity.
Lemma 3.21. In the non-flattening case A3 singularities are versally unfolded.
Proof.
Now we have to examine
M3 =
 −1 1 0 00 0 2f20 f11
0 (λc − 1)2(β2 − f20) + f20 µcλcα2f11 − 3λ2cf30 2µcλcα2f02 − λ2cf21
 .
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Assuming both β2, f20 6= 0, the element δ32 = (λc − 1)2(β2 − f20) + f20 of the M3 matrix is
always nonzero because substituting the formula for λc into the term δ32 gives us
δ32 =
(
β2
β2 − f20 − 1
)2
(β2 − f20) + f20.
If f20 = β2 then δ32 = f20, otherwise δ32 =
β2f20
β2−f20
. In both cases δ32 is equal to zero if and
only if either β2 or f20 = 0, however away from the curve and surface both are non-vanishing.
Therefore the 3× 3 minor∣∣∣∣∣∣∣
−1 1 0
0 0 2f20
0 β2f20
β2−f20
− β2
(β2−f20)2
(3β2f30 + α2f11f20)
∣∣∣∣∣∣∣ 6= 0.
So the matrix M3 has maximal rank and therefore A3 singularities in the non-flattening case
away from the curve and surface are always versally unfolded. 2
Versality of A4 singularity
An A4 singularity occurs on the base chord at the point m0 when g2 = 0, g3 = 0,
g4 = λ(
λ
µ
α22f02 −
λ2
µ2
α2f21 +
λ
µ
α3f11 +
λ3
µ3
f40 + β4) = 0
but g5 6= 0. Notice also that A4 cannot happen in the flattening case due to codimension.
The equation g4 = 0 is equivalent to
β4 =
λ2c
µ2c
α2f21 − λc
µc
α22f02 −
λc
µc
α3f11 − λ
3
c
µ3c
f40,
After substituting the expression for λc, this is equivalent to
β4 =
β2(f40β
2
2 + f21β2α2f20 + f02α
2
2f
2
20 + f11α3f
2
20)
f 320
.
Lemma 3.22. A4 singularities are generically versally unfolded.
Proof.
The versality of A4 singularities holds if the determinant of M4 is nonzero, i.e.
det(M4) = 2f20[δ32δ44 − δ34δ42]− f11[δ32δ43 − δ33δ42] 6= 0
Since we assume that β2 and f20 are nonzero, the independent variable f31, which sits in δ44,
only enters the equation det(M4) = 0 as multiplied by a nonzero factor. It is therefore possible
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to solve this equation in terms of f31. Therefore det(M4) = 0 provides an extra independent
condition.
Due to the codimension of the stratum which corresponds to an A4 singularity together with
the vanishing of det(M4) it does not occur generically (see lemma 3.56 on page 106). Therefore,
for generic curve and surface germs, A4 singularities are versally unfolded. 2
Versality of A2 singularities in the flattening case
Now we consider β2 = f20 = 0. The caustic value of λ is arbitrary and the whole chord
consists of caustic points. Recall that this is the special case when the tangent plane to the
curve N corresponds to the osculating plane and also the x-axis is the asymptotic direction on
the surface M .
Lemma 3.23. In the flattening case A2 singularities are generically versally unfolded.
To check whether these A2 singularities are versal we need to check whether the first two
rows
M2 =
(
−1 1 0 0
0 0 0 f11
)
of the matrix M4 has maximal rank. This holds unless f11 = 0. However the vanishing of β2, f20
and f11 provides a non-generic condition which proves the lemma. 2
So for the flattening case, when β2 = f20 = 0, the whole base chord is an A2 singular line
diffeomorphic to the product of a cusp with a two dimensional space. Along these special caus-
tic chords, apart from zero, there are also up to two special values of λ that give A3 singularities.
Versality of A3 singularities in the flattening case.
Recall that
g3 = λc
(
λc
1− λcα2f11 −
λ2c
(1− λc)2f30 + β3
)
.
The vanishing of the coefficient g3 occurs when λ = 0 or when
λ =
α2f11 − 2β3 ±
√
α22f
2
11 + 4β3f30
2(α2f11 + f30 − β3)
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The derivative matrix M3 takes the form
M3 =
 −1 1 0 00 0 2f20 f11
0 (λc − 1)2(β2 − f20) + f20 µcλcα2f11 − 3λ2cf30 2µcλcα2f02 − λ2cf21
 .
Since in our case f20 = β2 = 0 so the matrix M3 simplifies as
M3 =
 −1 1 0 00 0 0 f11
0 0 µcλcα2f11 − 3λ2cf30 2µcλcα2f02 − λ2cf21
 .
So we can take the minor of the 2nd 3rd and 4th columns with determinant f11(µcλcα2f11−
3λ2cf30). Since the value of λc contains the independent variable β3 if we substitute this in to the
determinant ofM3 we are left with an independent condition. Therefore due to the codimension
generically all A3 points in the caustic chord case are versally unfolded. By the transversality
theorem generically the singularities cannot become any more degenerate. 2
So to summarise, the Minkowski set defined by the generating family has the following
properties. The surface M consisting of points with λ = 0 forms a (redundant) component
of the caustic. Besides λ = 0 on a generic base chord there is only one caustic point m0
with λc =
β2
β2−f20
. When β2 = 0 (that is, the tangent plane to the curve Pb is osculating)
m0 coincides with a. When f20 = 0 (that is, the x-axis is an asymptotic direction on the
surface M) the caustic point is at b. The singularity at m0 is of the type A2 unless β3 =
λ2c
(1−λc)2
f30 − λc1−λcα2f11 in which case it will be of the type A≥3. If the additional condition
β4 =
λ2c
(1−λc)2
α2f21− λc1−λcα22f02− λc1−λcα3f11−
λ3c
(1−λc)3
f40 holds then the singularity at m0 is of type
A4. Generically higher singularities are excluded by the transversality theorem.
If f20 = β2 6= 0 then the base chord contains no caustic points (except for redundant
components λ = 0, 1 and infinity). If both coefficients vanish then the whole chord belongs to
the caustic. In this case, generically, there are up to two A3 singularities on the chord being the
solutions of the quadratic equation β3 =
λ2c
(1−λc)2
f30 − λc1−λcα2f11.
2.6. Calculations from the normal forms. We now use the normal forms to calculate
what the Minkowski set looks like for the various singularity types. Recall that the Minkowski
set consists of two parts; the caustic and the criminant. The criminant is given by
ΣF =
{
q | ∃(u, λ),F(u, λ, q) = 0, ∂F
∂u
(u, λ, q) = 0,
∂F
∂λ
(u, λ, q) = 0
}
,
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and the caustic is given by
ΣF =
{
q | ∃(u, λ),F(u, λ, q) = 0, ∂F
∂u
(u, λ, q) = 0,
∂2F
∂u2
(u, λ, q) = 0
}
.
Note that for all Ak singularities the criminant is empty because
∂Φ
∂λ
6= 0 at the base point.
We now find the image of the caustic for the generic Ak classes.
Normal form for A2
For an A2 singularity the normal form is
Φ = t3 + q1t+ λ.
The caustic is the variety in q space which satisfies the set of equations Φ = t3+ q1t+λ = 0,
∂Φ
∂t
= 3t2 + q1 = 0 and
∂2Φ
∂t2
= 6t = 0.
Solving these equations gives q1 = 0, with q2 and q3 arbitrary. Therefore the caustic is a
smooth surface. In particular the caustic of the normal form generating function is the (q2, q3)-
plane.
Figure 1. Caustic at an A3 singularity Figure 2. Caustic at an A4 singularity
Normal form for A3
For an A3 singularity the normal form is
Φ = t4 + q2t
2 + q1t+ λ.
So the caustic is the variety in the q space which satisfy the set of equations:
Φ = t4 + q2t
2 + q1t+ λ = 0,
∂Φ
∂t
= 4t3 + 2q2t+ q1 = 0 and
∂2Φ
∂t2
= 12t2 + 2q2 = 0.
Solving these equations gives (q1, q2, q3) = (8t
3,−6t2, q3) which is a semi-cubic cylinder (see
figure 1).
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Normal form for A4
For an A4 singularity the normal form is Φ = t
5 + q3t
3 + q2t
2 + q1t + λ. So the caustic is
the variety in the q space which satisfy the set of equations: Φ = t5 + q3t
3 + q2t
2 + q1t+ λ = 0,
∂Φ
∂t
= 5t4+3q3t
2+2q2t+q1 = 0 and
∂2Φ
∂t2
= 20t3+6q3t+2q2 = 0. Solving these gives (q1, q2, q3) =
(15t3 + q3t
2,−10t3 − 3q3t, q3) which is a swallowtail (see figure 2).
3. Bifurcations of momentary wave fronts in the transversal setting
We now turn our attention to the wave fronts for a curve and surface in the transversal case.
These are formed by points at a some fixed proportion λ along chords joining points on the
curve with points on the surface for which there exists a common normal.
The main result in this chapter (theorem 3.27) is the classification of generic singularities of
the families of wave fronts.
Recall the reduced generating family Φ for the transversal case 3.12. Here we classify the
generic singularities of Φ up to time-space contact equivalence (see definition 2.6) in which the
underlying diffeomorphism preserves the families of wave fronts.
The condition for an Ak singularity in the family of wave fronts in the transversal case
coincides with that for an Ak singularity of the Minkowski set. In fact as λ varies the affine
equidistant points move along the chords and their singularities sweep out the Minkowski set.
Consider the map
π̂(x, y, t) 7→
(
−∂f
∂x
− α′∂f
∂y
+ β′
)
the zeros of which give precisely the points belonging to M and N with parallel tangent spaces.
For the curve, being the image of the embedding r1(t) = (t, α(t), β(t)), and the surface,
being the image of the embedding r2(x, y) = (x, y, f(x, y) + 1), consider the equidistant map
Eˆλ : R
3 → R3 given by:
Êλ(x, y, t) = (λt+ (1− λ)x, λα(t) + (1− λ)y, λβ(t) + (1− λ)(f(x, y) + 1))
with λ ∈ R fixed.
Then the wave front Eλ, the set of points λr1(t) + (1 − λ)r2(x, y) for which the tangent
spaces to the curve and surface are parallel, is given by
Eλ = Êλ(π̂
−1(0)).
The following proposition is analogous to a result in [31] for two surfaces in three space.
3. BIFURCATIONS OF MOMENTARY WAVE FRONTS IN THE TRANSVERSAL SETTING 49
Proposition 3.24. The tangent plane at any smooth point of Eλ is parallel to the tangent
spaces on M and N which gave rise to that point. It follows that Eλ is formed as an envelope
of planes parallel to and at a fixed proportion between pairs of parallel tangent spaces on M and
N .
Proof. Let ρ̂ = (a, b, c) be a nonzero kernel vector of the Jacobean matrix Jpi of the map π̂.
A vector tangent to Eλ at a smooth point is the image of ρ̂ under the linear map JÊλ
JÊλ ρ̂ =
 1− λ 0 λ0 1− λ λαt
(1− λ)fx (1− λ)fy λβt

 ab
c

= ((1− λ)a+ λc, (1− λ)b+ λαtc, (1− λ)afx + (1− λ)bfy + λcβt) .
However in the set of pairs of points with parallel tangent spaces we have βt = fx + αtfy so
substituting this gives
JÊλ ρ̂ = ((1− λ)a+ λc, (1− λ)b+ λαtc, (1− λ)afx + (1− λ)bfy + λcfx + λcαtfy)
= ((1− λ)a+ λc) (1, 0, fx) + ((1− λ)b+ λαtc)) (0, 1, fy)
which is clearly parallel to the tangent plane to M at (x, y, f(x, y)). Hence the tangent plane
to Eλ is parallel to the tangent spaces at M and N which gave rise to the point.
Any smooth surface is the envelope of its tangent planes so it follows that Eλ is formed as
an envelope of planes parallel to and at a fixed proportion between pairs of parallel tangent
planes on M and N . 2
In [14], [31], [13] and [10] it has been shown that the value of λ = 1
2
is special because
of symmetry and is sometimes called the Mid-Parallel Tangents surface or the Wigner caustic.
This Wigner caustic has also been shown to have applications in quantum mechanics [5].
At first it appears that the half-way equidistant is not special in the case of curve and surface
since the two are not interchangeable. However, similar to a result in [13], if we consider M̂ ,
being the surface M centrally reflected in the point (0, 0,−1/2), then the condition for the half
way equidistant to be singular coincides with the condition that the curve has contact order 3
with the surface M̂ . In particular we have the following theorem.
Theorem 3.25. The germ of the half-way equidistant has an Ak singularity if and only if
the curve N has contact order k + 1 with the surface M̂ .
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Proof. The reflected surfaceM in the point (0, 0,−1
2
) consists of the points ({−x,−y,−f(x, y)})
and to measure the contact with the curve N at b0 we consider the composite (see [13], [25])
R → R3 → R
t → (t, α(t), β(t))
(u, v, w) → f(−u,−v) + w
The composite is the contact map for the chord l(a0, b0):
F : R→ R where F (t) = f(−t,−α(t)) + β(t).
Let Fk be the coefficients of Taylor decomposition of the function F with respect to t at the
origin:
F =
∞∑
i=0
Fit
i.
The first few terms are as follows:
F2 = β2 + f20
F3 = β3 − f30 + α2f11
F4 = β4 + f40 − α2f21 + α22f02 + α3f11
F5 = β5 − f50 + α2f31 − α3f21 − α22f12α4f11 + 2α2α3f02.
The first k terms vanish when the curve and surface have contact of order ≥ k + 1. The
terms F0 and F1 are automatically zero since the curve and surface share a common normal.
Notice that the condition for the first k terms to vanish coincides exactly with the condition
that the half-way equidistant has an Ak singularity at the point λ =
1
2
on the chord l(a0, b0).
2
Remark. It follows from this that for a family of wave fronts from an initial curve, the wave
front twice the distance from the unique A2 singularity will be the only reflected wave front in
the family to have 3 point contact or higher with the curve.
In fact, the result can be generalised from taking the central reflection to taking an affinely
weighted reflection in any chord point. Consider the surface M̂µ0 which is the surfaceM reflected
in a given chord point µ0 with ratio [µ0 : λ0].
Theorem 3.26. The germ of the equidistant Eµ0 has as Ak singularity if and only if the
curve N has contact order k + 1 with the surface M̂µ0.
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Proof. The reflected surface M in the point (0, 0,−µ0) with ratio [µ0 : λ0] consists of the
points ({−µ
λ
x,−µ
λ
y,−µ
λ
f(x, y)}) and to measure its contact with the curve N at b0 we consider
the composite (see [13], [25])
R → R3 → R
t → (t, α(t), β(t))
(u, v, w) → µ
λ
f(−λ
µ
u,−λ
µ
v) + w
The composite is the contact map for the chord l(a0, b0):
G : R→ R where G(t, λ) = µ
λ
f
(
−λ
µ
t,−λ
µ
α(t)
)
+ β(t).
Let Gk be the coefficients of Taylor decomposition the function G with respect to t at the
origin:
G =
∞∑
i=0
Git
i.
The first few terms are as follows:
G2 =
λ
µ
f20 + β2
G3 = −λ
2
µ2
f30 +
λ
µ
α2f11 + β3
G4 = +
λ3
µ3
f40 − λ
2
µ2
α2f21 +
λ
µ
α22f02 +
λ
µ
α3f11 + β4
G5 = −λ
4
µ4
f50 +
λ3
µ3
α2f31 − λ
2
µ2
α3f21 − λ
2
µ2
α22f12 +
λ
µ
α4f11 + 2
λ
µ
α2α3f02 + β5.
The first k terms vanish when the curve and surface have contact of order ≥ k + 1. The
terms G0 and G1 are automatically zero since the curve and surface share a common normal.
The term G2 vanishes when λ = λ0 =
β2
β2−f20
. Notice that the condition for the first k terms to
vanish coincides exactly with the condition that the generating family Φ has an Ak singularity
at the point λ0 on the chord l(a0, b0). It follows that the equidistant Eµ0 has as Ak singularity
if and only if the curve N has contact order k + 1 with the surface M̂µ0 . 2
3.1. First part of the proof of 3.2. The following proposition together with explicit
calculations from the normal forms will prove theorem 3.2.
Proposition 3.27. For a generic pair of surface M and curve N at any point q of any
transversal chord l(a0, b0), except the points a0 and b0 themselves (λ = 0 or 1), the germ of the
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respective generating family Φ is time-space contact equivalent to the germ at the origin of one
of the following deformations in parameters (λ, q) ∈ R×R3 of the function germs in the variable
t of the type Ak for k = 1, ..., 4
A1 : t
2 + q3; A2 : t
3 + q2t+ q3; A3 : t
4 + q1t
2 + q2t+ q3;
A∗3 : t
4 + (λ± q21)t2 + q2t+ q3; A4 : t5 + λt3 + q1t2 + q2t+ q3.
Remark. The normal forms A1, A2 and A3 contain no parameter λ, so no metamorphosis of
momentary wave fronts occurs. For the case A0 the function germ is non-critical and corresponds
to a point outside the wave front. In the case A1 the wave fronts are regular. For A2 the
extended wave front is diffeomorphic to the product of a cusp with a 2-dimensional space whilst
the momentary wave fronts are diffeomorphic to the product of a cusp with a line. For A3
the extended wave front is diffeomorphic to the product of a swallowtail with a line whilst the
momentary wave fronts are diffeomorphic to swallowtails. The bifurcations of A∗3 and A4 are
non-trivial.
The bifurcations of A∗3 type on the extended wave front correspond to bifurcations of either
swallowtail lips or swallowtail beaks type and can occur at isolated points in the non-flattening
case. The conditions for an A∗3 bifurcation consist of the A3 singularity conditions and also of
condition
2f21β2f20 = α2f
2
11f20 + 3β2f11f30 − 4α2f 220f02.
Bifurcations of the type A∗3 are non-trivial. The extended wave front is a product of a
swallowtail with a line and here the momentary wave front at λ = λc is tangent to its 2-
dimensional stratum: cuspidal edge. The bifurcations of A4 type on the extended wave front
correspond to the standard butterfly metamorphosis.
The proof is given by showing that A1, A2 singularities of the generating family are always
versal with respect to q1, q2 and q3 only, i.e. without λ. The singularity A3 is versal with respect
to q1, q2 and q3 only, unless the necessary conditions for the case A
∗
3 hold generically.
In both cases A∗3 and A4 the families are versal with respect to parameters λ, q1, q2 and q3
and for fixed values of the coordinates q the third order jets in t depend on λ regularly.
Definition 3.28. The germ of a family of functions Φ is called time-space versal if for any
germ ϕ1(t, λ, q) there exists a decomposition of the form
ϕ1(t, λ, q) = h(t, λ, q)F +
∂F
∂t
T (t, λ, q) + Λ(λ)
∂F
∂λ
+
3∑
i=1
Qi(λ, q)
∂F
∂qi
(3.1)
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with some smooth function germs h, T, λ and Q in the respective variables.
Lemma 3.29. If the deformation Φ is right versal with respect to q only, keeping λ constant,
then it is automatically time-space versal.
Proof. Assume that Φ is right versal with respect to q only. This means that for any germ
ϕ(t, λ, q) we can write
ϕ(t, λ, q) = h˜(t, λ, q)F +
∂F
∂t
T˜ (t, λ, q) +
3∑
i=1
Q˜i(q)
∂F
∂qi
(3.2)
for some smooth function germs h˜, T˜ and Q˜i in the respective variables.
Setting Λ(λ) = 0 and Qi(λ, q) = Q˜i(q) in 3.1 gives the required decomposition. 2
We proceed by showing that in each degeneration, the generating family Φ, is right versal
with respect to q only.
Time-Space Versality of A2
Lemma 3.30. A2 singularities of the extended wave front are time-space versally unfolded.
Proof. In order for the A2 singularities to be versal with respect to q only we require the matrix
M̂2 =
(
−1 0 0
0 2f20 f11
)
to have maximal rank. Notice that the matrix M̂2 is the same asM2 on page 43 only the second
column here is absent. For the non-flattening case if we only consider caustic points away from
the curve, that is when f20 6= 0, then the matrix always has maximal rank so the A2 points are
always versal with respect to q only, hence they are always time-space versally unfolded.
For the flattening case generically f11 is nonzero. Therefore the A2 points are always versal
with respect to q only, hence they are always time-space versally unfolded. 2
Remark. No bifurcations of type A2 occur. This was the same for two surfaces in R
3 (see
[14]).
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Time-space versality of A3 and A
∗
3
If the matrix M̂3 (below) has nonzero determinant then the A3 singularity is versally unfolded.
When the matrix has zero determinant we check the independence of higher derivatives to show
that the singularity is generically of type A∗3 and is versally unfolded.
Lemma 3.31. Singularities of the type A3 are versally unfolded. Bifurcations of type A
∗
3 can
occur at isolated points in the non-flattening case and are versally unfolded.
Proof. In order for the A3 singularities to be versal we require the matrix
M̂3 =
 −1 0 00 2f20 f11
0 µcλcα2f11 − 3λ2cf30 2µcλcα2f02 − λ2cf21

to have nonzero determinant. Substituting the value λc =
β2
β2−f20
, into the matrix the determi-
nant becomes
det(M̂3) =
−α2f 211f20 − 3f11β2f30 + 4α2f 220f02 + 2β2f20f21
β2 − f20 .
When the determinant M̂3 is nonzero the singularity A3 is versally unfolded.
However the determinant can vanish generically at isolated points when
f21 =
3β2f11f30 − α2f 211f20 − 4α2f 220f02
2β2f20
.
In order for the singularity A∗3 to be versally unfolded we require that the first two rows of
M̂3 are independent. This has already been shown in the proof of lemma 3.30. We also require
that the matrix M̂3 has rank 2. This also follows immediately because the matrix already has
two independent rows.
The generating function can therefore be reduced to the form:
Φ = t4 + (λ+ α(q1, q2))t
2 + β(q1, q2)t+ q3
for some functions α and β.
Since generically ∂β
∂q2
6= 0, the function β = 0 can be solved for q2 as a function in q1:
q2(q1) = −2f20
f11
q1 −
(
4f12f20
2 + 3f30f11
2 − 4f21f20f11
)
(−β2 + f20)
f11
3f20
q21 + ...
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Substituting this into α(q1, q2) yields the following expression in q1 only:
α˜(q1) =
β2
2f02α2f30
f20
2f11
− 6f02α22 + 12f20β2f03α2
f11
2 −
12β2
2f03α2
f11
2 −
6β2
2f12f30
f20f11
2 +
9β2
2f30
2
2f20
3
+
6f11α2β2f30
f20
2 −
6β2f12α2
f11
+
3f11
2α2
2
2f20
+
6β2
3f31
f20
2f11
− 6β2
2f31
f20f11
− 6f11β2
2f30α2
f20
3
−6β2
3f40
f20
3 +
6β2
2f40
f20
2 +
6β2
3f12f30
f20
2f11
2 +
6β2
2f12α2
f20f11
+
6f02β2α2
2
f20
− 12f02β2α2f30
f20f11
−9β2
3f30
2
2f20
4 −
3f11
2β2α2
2
2f20
2 −
4β2
3f22
f20f11
2 +
4β2
2f22
f11
2 .
Note that the necessary conditions for an A∗3 are sufficient for the vanishing of the linear in
q1 part of α˜(q1). The vanishing of the expression
∂2α˜(q1)
∂q21
can be solved for f31 since this term
only enters as multiplied by a nonzero factor. This therefore, provides an independent condition
so the expression is generically nonzero. This means that the singularity A∗3 is generically space-
time versally unfolded and the generating family can be reduced to the normal form:
A∗3 : Φ = t
4 + (λ+ q21)t
2 + q2t+ q3. 2
Lemma 3.32. In the flattening case A3 singularities are time-space versal and no bifurcations
of the type A∗3 occur generically.
Proof. In the flattening case the whole chord belongs to the caustic and is swept out by
a cuspidal edge of the family of wave fronts. At two distinct points on this chord we get A3
singularities being the solutions in λ of the quadratic equation Φ3 = 0.
λ =
α2f11 − 2β3 ±
√
α22f
2
11 + 4β3f30
2(α2f11 + f30 − β3) .
The determinant of the matrix M3 with f20 zero is given by
det(M̂3) = f11(µλα2f11 − 3λ2f30)
where λ is given above. The vanishing of the determinant of M̂3 provides an independent
condition due to β3 entering the expression for λ. Due to the codimension this is non-generic
hence A3 singularities in the flattening case are generically time-space versally unfolded. 2
Time-Space Versality of A4
Lemma 3.33. Singularities of the type A4 are generically versally unfolded.
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Proof. Taking λ as a constant means that the derivative matrix is a 3 × 4 matrix which
cannot have rank 4. Therefore, the family is not versal with respect to q only.
In order to be versally unfolded we require that the 3×3 matrix M̂3 has nonzero determinant
and also that the 4 × 4 matrix M4, that was used for space-time versality and includes the
derivative with respect to λ (page 44), also has nonzero determinant.
The necessary conditions for an A4 singularity together with the vanishing of M̂3 does not oc-
cur generically (see lemma 3.31). It has already been shown in lemma 3.22 that the determinant
of the big matrix M4 is not generically zero. Therefore, A4 singularities are generically time-
space versally unfolded and the bifurcations of the momentary wave fronts are diffeomorphic to
the standard bifurcations of A4 type (see figure 7). 2
3.2. Description of the normal forms for the wave fronts. We now use the normal
forms to calculate what the bifurcations of the wave fronts look like for the various singularity
types.
Recall that the wave front W (F) is given by
WF =
{
(λ, q) | ∃u,F(u, λ, q) = 0, ∂F
∂u
(u, λ, q) = 0
}
.
Normal form for A1
For an A1 singularity the normal form is
A1 : t
2 + q3;
So the wave front Eλ for a fixed value of λ is the variety in the q space which satisfies the
set of equations t2 + q3 = 0 and 2t = 0.
Solving these equation gives q3 = 0, with q1 and q2 both arbitrary. Therefore the momentary
wave fronts near an A1 singularity are smooth surfaces. Since λ does not enter the normal form
no metamorphosis occurs.
Normal form for A2
For an A2 singularity the normal form is
A2 : t
3 + q2t+ q3.
So the wave front Eλ for a fixed value of λ is the variety in the q space which satisfies the
set of equations t3 + q2t+ q3 = 0 and 3t
2 + q2 = 0.
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Solving these equations gives q2 = −3t2, q3 = 2t3 with q1 arbitrary. Therefore the momentary
wave fronts near an A2 singularity are semi-cubic cylinders (see figure 3). Since λ does not enter
the normal form no metamorphosis occurs.
Figure 3. Wave front at an A2 singularity
Figure 4. A wave front at an
A3 singularity
Normal form for A3
For an A3 singularity the normal form is
A3 : t
4 + q1t
2 + q2t+ q3.
So the wave front Eλ for a fixed value of λ is the variety in the q space which satisfies the
set of equations t4 + q2t
2 + q1t+ q3 = 0 and 4t
3 + 2q2t+ q1 = 0.
Solving these equations gives q1 = −4t3− 2q2t and q3 = 3t4+ q2t2 with q2 arbitrary which is
a swallowtail (see figure 4). Since λ does not enter the normal form no metamorphosis occurs.
Normal form for A∗3
For an A∗3 singularity the normal form is
A∗3 : t
4 + (λ± q21)t2 + q2t+ q3.
Since λ enters the normal form the bifurcation A∗3 is non-trivial. We consider the bifurcation
that occurs in the q space as λ changes. The bifurcation is given by the solution of the set of
equations t4 + (λ+ q21)t
2 + q2t+ q3 and 4t
3 + 2(λ+ q21)t+ q2 = 0.
Solving these equations gives q2 = −4t3 − 2λt∓ 2tq21 q3 = 3t4 + λt2 ± t2q21 and q1 arbitrary.
This gives the standard metamorphosis for either swallowtail beaks or swallowtail lips (see
figures 5 and 6).
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Figure 5. Sketch of the bifurcation of a family of wave fronts near an A∗3 beaks singularity
Figure 6. The bifurcation of a family of wave fronts near an A∗3 lips singularity
Normal form for A4
For an A4 singularity the normal form is
A4 : t
5 + λt3 + q1t
2 + q2t+ q3.
Since λ enters the normal form the bifurcation A4 is non-trivial. We consider the bifurcation
that occurs in the q space as λ changes. The bifurcation is given by the solution of the set of
equations t5 + λt3 + q1t
2 + q2t + q3 = 0 and 5t
4 + 3t2λ + 2q1t + q2 = 0. Solving these gives
q2 = −5t4 − 3t2λ − 2q1t, q3 = 4t5 + 2λt3 + q1t2 and q1 arbitrary. This gives the standard
metamorphosis for a 2-dimensional generalised swallowtail (see figure 7).
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Figure 7. Bifurcations of the family of wave fronts near an A4 singularity
4. Some examples of caustics and wavefronts in the transversal setting
In this section we include some concrete exmaples of the Minkowski set and the wave fronts
for some pairs of curves and surfaces. In particular we deomonstrate how the singularities of
the wavefronts sweep out the caustic.
Example 3.34 of an A2 singularity. If we have a surfaceM in the adapted coordinate system
given by
z(x, y) =
1
2
x2 +
1
2
y2 − 1
and a curve N where α(t) = t2 and β(t) = t2 + t3 then there is an A2 point on the base chord
at λ = 2 corresponding to a cuspidal edge on the wavefront, see figure 8, which sweeps out the
smooth surface of the caustic, see figure 9.
Figure 8. Example 3.34 of the
wave front at an A2 singularity
Figure 9. Example 3.34 of the
caustic at an A2 singularity
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Example 3.35 of an A3 singularity in the non-flattening case.
If we have a surface M in the adapted coordinates given by
z(x, y) =
1
2
x2 +
1
2
y2 − 1
and a curve N where α(t) = t2 and β(t) = −1
2
t2 then there is an A3 point on the base chord at
λ = 1
2
, see figure 10, and the caustic is a cuspidal edge, see figure 11.
Figure 10. Wave front at an
A3 singularity (example 3.35).
Figure 11. Caustic at an A3
singularity (example 3.35)
Example 3.36 of an A2 singularity in the flattening case.
If we have a surface M in the adapted coordinate system given by
z(x, y) =
1
3
x3 + xy − 1
and a curve N where α(t) = t2 and β(t) = t3 then every point on the base chord belongs to the
caustic, see figure 12. At most points on the chord the wave fronts have cuspidal edges and the
caustic is smooth. At the values λ = −3
2
± 1
2
√
21 the momentary wave fronts are diffeomorphic
to a swallowtail and the caustic is diffeomorphic to a cuspidal edge, see figure 13.
The surface M is divided into two regions: points that share a parallel tangent plane with
points on the curve and those that do not. The points that share a parallel tangent plane have
a double cover and each corresponds to two tangent planes on either side of t = 0 on the curve.
4. SOME EXAMPLES OF CAUSTICS AND WAVEFRONTS IN THE TRANSVERSAL SETTING 61
The two regions are divided by a curve on the surface called the parallel tangents boundary
curve (PTBC) (for similar objects see [31]).
Each point on the curve N corresponds to a curve Ct on the surface M containing points
with parallel tangent planes. The envelope of these curves gives the PTBC. In this example the
PTBC is given by the equation y = −4
3
x2 see figure 14. As λ moves away from zero, the front,
which starts as double cover of the surface, splits into two sheets separated by a cuspidal edge
along the PTBC.
Figure 12. Wave fronts along
a flattening chord
Figure 13. Caustic Σ in the
flattening case. The blue dot
shows the A3 point on the flat-
tening chord l(a, b)
Example 3.37 of a bifurcation of an A∗3 singularity of beaks type.
If we have a surface M in the adapted coordinate system given by
z(x, y) = −1
2
x2 − 1
2
y2 − x2y + y3 − 1
and a curve N where α(t) = t2 and β(t) = 1
2
t2 then we get an A∗3 front bifurcation of beaks
type at λ = 1
2
see figure 15.
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Figure 14. The surface M with the PTBC and the curve Cti labelled
Example 3.38 of a bifurcation of an A∗3 singularity of lips type.
If we have a surface M in the adapted coordinate system given by
z(x, y) =
1
2
x2 +
1
2
y2 + x2y + y3 − 1
and a curve N where α(t) = t2 and β(t) = −1
2
t2 then we get an A∗3 bifurcation of lips type at
λ = 1
2
see figure 16.
Figure 15. Example 3.37 of the bifurcation of the family of wave fronts near an
A∗3 beaks singularity
Remark. The singularities of types A∗3 occur when the wave front at λ0 is tangent to the
caustic at some A3 point. This can occur in two different generic ways resulting in either
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Figure 16. Example 3.37 of the bifurcations of wave fronts of A∗3 lips. Also
shown is its interaction with the caustic
swallowtail beaks or swallowtail lips see figure 17. Although the two caustics in this figure are
diffeomorphic to each other, the bifurcations of the momentary wave fronts for the two cases
are not diffeomorphic. This is an example of how studying spatio-temporal events with both
space-time and time-space equivalences can yield more information than just one equivalence
on its own (see [35]).
Figure 17. The caustics which correspond to lips (left) and beaks (right) at an
A∗3 singularity in the family of momentary wave fronts
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Example 3.39 of an A4 singularity.
If we have a surface M in the adapted coordinates given by
z(x, y) =
1
2
x2 +
1
2
y2 − 1
and a curve N where α(t) = t2 and β(t) = −1
2
t2 − 1
2
t4 + 1
7
t5 then there is 3-dimensional
generalised swallowtail point on the λ = 1
2
front, see figure 18, and the caustic is diffeomorphic
to a swallowtail, see figure 19.
Figure 18. Bifurcations of wave fronts of an A4 singularity (example 3.39).
Figure 19. Example 3.39 of a caustic at an A4 singularity
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5. The Minkowski set in the tangential setting
Assume that the base chord lies in the plane tangent to M at a0 and also that base chord
and the tangent line to the curve N at b0 are not collinear (i.e. the chord is in the tangential
setting). In some coordinate system (x, ŷ, z) the base points a0, b0 are taken to coincide with the
points (0, 1, 0), (0, 0, 0), the curve N at the origin is tangent to the x-axis and that the tangent
plane to the surfaceM coincides with the (x, ŷ)-coordinate plane. Introduce the new coordinate
y centered at (0, 1, 0) so that ŷ = y − 1. Now the surface M is defined by the embedding
r2 : U → R3, r2 : (x, y) 7→ (x, y + 1, f(x, y)), (x, y) ∈ U ⊂ R2,
where the function f(x, y) has zero 1-jet, and the curve N is defined by the embedding
r1 : V → R3, r1 : t 7→ (t, α(t), β(t))
of some neighbourhood V of the origin in R where α(t) and β(t) start with second order terms.
Figure 20. Tangential Setting in the Adapted Coordinates
5.1. Reducing the number of variables of the generating family. In the tangential
setting the generating family
F(n, t, x, y, λ, q) = 〈λr1(t) + µr2(x, y)− q, n〉
that we use to the describe the Minkowski set is the same as we used in the transversal setting
since here proposition 2.1 still holds.
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Proposition 3.40. By an appropriate stabilisation the initial generating family germ at the
point λ = λ0 6= 1, t = 0, q = 0 reduces to the form
Φ(t, ε, q) = (λ0 + ε)β(t) + (µ0 − ε)f
(
q1 − (λ0 + ε)t
µ0 − ε ,
q˜2 − (λ0 + ε)α(t) + ε
µ0 − ε
)
− q3
where ε = λ− λ0 varies in a vicinity of the origin, µ0 = 1− λ0 6= 0 and q˜2 = q2 − µ0.
Proof.
Writing the family F in the coordinate form we get
F = An1 + Bn2 + Cn3
where
A = λt+ µx− q1
B = λα(t) + µ(y + 1)− q2
and
C = λβ(t) + µf(x, y)− q3
For µ 6= 0 the functions A and B are regular with respect to x and y respectively. They can
be chosen as the coordinate functions instead of x and y. In particular we can write
x =
A+ q1 − λt
µ
, and y =
B + q2 − λα(t)− µ
µ
.
So in the new coordinates we have F = An1 + Bn2 + C(A,B, t, λ, q)n3 where the function
C does not depend on n1 and n2.
Applying Hadamard’s lemma to the function C we get
C(A,B, t, λ, q) = C(0, 0, t, λ, q) + Aϕ1 + Bϕ2,
where ϕ1 and ϕ2 are smooth functions in A,B, t, λ and q which vanish at the point A = B =
t = q = 0.
The function F takes the form F = A(n1 + ϕ1n3) + B(n2 + ϕ2n3) + C(0, 0, t, λ, q) where
the first two terms represent a non degenerate quadratic form in the independent variables
A, (n1 + ϕ1n3), B and (n2 + ϕ2n3) in a vicinity of the chord l(a0, b0). Therefore the function F
is stably-equivalent to the function Φ = C(0, 0, t, λ, q) being the restriction of the function C to
the subspace A = B = 0. Now shift the origin to the point m0 and introduce new coordinates
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q˜2 and ε such that q2 = q˜2+ q20, where q20 = µ0 is constant and ε = λ−λ0 = µ0−µ. This gives
x = q1−(λ0+ε)t
µ
and y = q20+q˜2−(λ0+ε)α(t)−µ0+ε
µ
= q˜2−(λ0+ε)α(t)+ε
µ
so
Φ(t, ε, q) = (λ0 + ε)β(t) + (µ0 − ε)f
(
q1 − (λ0 + ε)t
µ0 − ε ,
q˜2 − (λ0 + ε)α(t) + ε
µ0 − ε
)
− q3
is the reduced generating family as required. 2
5.2. Expanding the generating function. Unlike in the transversal setting, in the tan-
gential setting the derivative of the generating family ∂Φ
∂λ
can vanish so we are unable to apply
lemma 3.16. Therefore in the tangential setting we consider the generating family as a function
in two variables (t, ε).
Consider the organising centre g(t, ε) = Φ|q1=q˜2=q3=0 of the family and decompose it as
g(t, ε) =
∑
i+j≥2 aijt
iεj where
a20 =
λ20
µ0
f20 + λ0β2; a11 = −λ0
µ0
f11; a02 =
f02
µ0
a30 = −λ
3
0
µ20
f30 +
λ20
µ0
α2f11 + λ0β3,
a21 = (
λ20
µ20
+ 2
λ0
µ0
)f20 +
λ20
µ20
f21 + β2 − 2λ0
µ0
α2f02,
a12 = −(λ0
µ20
+
1
µ0
)f11 − λ0
µ20
f12; a03 =
1
µ20
(f03 + f02),
a40 =
λ20
µ0
α22f02 +
λ20
µ0
α3f11 − λ
3
0
µ20
α2f21 +
λ40
µ30
f40 + λ0β4.
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For determining B4 singularities we also need
a31 = β3 − 2λ0
µ0
α3f02 + 2
λ20
µ20
f12α2 +
λ20
µ20
f11α2 + 2
λ0
µ0
α2f11 − 2λ
3
0
µ30
f30
−3λ
2
0
µ20
f30 − λ
3
0
µ30
f31,
a22 = 2
λ20
µ30
f21 +
(
λ20
µ30
+ 2
λ0
µ20
+
1
µ0
)
f20 − 2
(
1
µ0
α2 +
λ0
µ20
α2
)
f02
−3λ0
µ20
f03α2 + 2
λ0
µ20
f21 +
λ20
µ30
f22,
a13 = −
(
1
µ20
+
λ0
µ30
)
f11 −
(
1
µ20
+ 2
λ0
µ30
)
f12 − λ0
µ30
f13,
a04 =
1
µ30
(f02 + 2f03 + f04).
The space-time contact equivalence of the families of the type Φ corresponds to fibred contact
equivalence of the respective organising centres g(t, ε): diffeomorphisms of the form (t, ε) →(
t̂(t, ε), ε̂(ε)
)
and multiplications by nonzero functions act on g.
We recall that the low codimensions singularities of generic families with respect to this
equivalence coincide with the versal deformations of singularities of projections of hypersurfaces
(complete intersections) onto a line, classified by Goryunov [20]. For simple cases they in fact
coincide with Arnold’s simple boundary classes [4].
Theorem 3.41. For a generic pair of M and N at any point q of a base chord (a0, b0) in
the tangential setting, except the points a0 and b0 themselves (λ = 0 or λ = 1), the germ of
the respective generating family Φ is space-time contact equivalent to one of the following versal
deformations in parameters q ∈ R3 of the function germs at the origin in the variables t, ε of
the type
C2 ≈ B2 : ±t2 + ε2 + q3,
B3 : t
2 + ε3 + q1ε+ q3,
B4 : ±t2 + ε4 + q2ε2 + q1ε+ q3,
C3 : t
3 + tε+ q1ε+ q3,
C4 : t
4 + tε+ q2t
2 + q1ε+ q3,
F4 : t
3 + ε2 + q2tε+ q1t+ q3.
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In the transversal case the criminant was empty because the derivative of the generating
family ∂Φ
∂λ
was always nonzero. In the tangential case ∂Φ
∂λ
vanishes, so the criminant is a ruled
(singular) surface which is swept out by the tangential chords (see proposition 2.3).
Smooth parts of this surface correspond to B2 singularities and where it becomes singular
away from the caustic it has Bk≥3 singularities.
At some points of the Minkowski set the caustic can be tangent to smooth parts of the
criminant and these singularities form the Ck≥2 class of singularities.
The F4 class belongs to the intersections of the closures of the B3 and C3 strata.
For a brief description of the normal forms see the table on page 21 or for the full details
see section 5.4.
The proof of theorem 3.5 consists of checking the versality and genericity conditions for
germs of the family Φ.
5.3. Recognition of singularities of the Minkowski set in the tangential setting.
In this section the conditions that are required for the various singularities to occur in terms of
the coefficients of the curve and surface are given. Where possible some geometrical interpreta-
tions of these various conditions are given. To obtain generic singularities we may only impose
up to one condition on the jet spaces of the curve and surface germs due to the transversality
theorem 3.59 (see corollary 3.62).
In the most generic setting a20 in nonzero and the discriminant of the quadratic terms is
non-vanishing, that is 4a20a02 − a211 6= 0. In this instance we obtain a B2 singularity. Note
that B2 and C2 singularities are in fact the same: their normal forms are (space-time) contact
equivalent.
Bk series
If a20 6= 0 then we obtain Bk singularities. If the discriminant of the quadratic terms is
non-vanishing, that is 4a20a02 − a211 6= 0, then as is written above we obtain B2. When the
discriminant is zero we have a Bk singularity with k ≥ 3.
The discriminant 4a20a02 − a211 = 0 in terms of the original surface and curve coefficients is
λ20
µ20
(
4f20f02 − f 211
)
+ 4
λ0
µ0
f02β2 = 0.
For particular values of λ0 the discriminant will vanish so any generic chord in the tangential
setting will be B2 except at isolated points where higher degenerations may occur.
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Each chord contains two singularities of type at least B3 (see the condition (5.1) below),
one occurs at λ0 = 0 and we shall denote the other value λ0 = λB. This means that one of the
singularities always occurs on the curve N , however we shall not discuss this case in this thesis.
The other singularity appears at λ0
µ0
= −4f02β2
4f20f02−f211
.
If β2 = 0, that is when the tangent plane to the curve is the osculating plane, then the B3
singularity occurs at λB = 0 i.e. on the surface M .
The B3 singularity at λB also goes to the surface when f02 = 0. Geometrically this happens
when an asymptotic direction on the surface is the same as the direction of the chord.
If we have a parabolic point on the surface, that is when f 211 = 4f02f20, then λB = 1 so the
B3 singularity occurs on the curve N itself.
If f11 = 0 then a20 = a11 = 0 at λB and we obtain F4 singularities which shall be considered
below. So from now on we shall consider β2, f11, f02 and f
2
11 − 4f02f20 as nonzero.
If the quadratic terms form a perfect square, that is 4a20a02 − a211 = 0, then it is possible to
make the substitution
t′ = t− a11
2a20
ε
giving us
g = a20t
′2 + a′30t
′3 + a′21t
′2ε+ a′12t
′ε+ a′03ε
3 + higher order terms.
In order for the singularity at λB not to be more degenerate than B3 we require that a
′
03 6= 0
where
a′03 =
4a220a21a
2
11 + 16a
4
20a03 − 8a320a12a11 − 2a20a30a311
16a420
.
B4 singularities
If the quadratic terms form a perfect square and a′03 is zero then we get a Bk singularity
with k ≥ 4. In terms of the original curve and surface coefficients
a′03 =
(
4f02f20 − 4f02β2 − f112
)2
4f11
3β2
2
(
4f02f20 − f112
)2 (2f02β3f114 − β2f115 − 4f02β22f113 + 4f03β22f113
−32f30f023β22 + 16f20f022β22f11 − 16β2f11f202f022 + 8β2f113f20f02 + 16f21f022β22f11
−8f12f02β22f112 + 32f023β3f202 − 16f022β3f112f20).
If this is zero it is possible to make the substitution
t′′ = t′ +
a30t
′2
2a20
− 3a30a11t
′ε
4a220
+
a21t
′ε
2a20
+
3a30a
2
11ε
2
8a320
+
a12ε
2
2a20
− a21a11ε
2
2a220
5. THE MINKOWSKI SET IN THE TANGENTIAL SETTING 71
which eliminates the cubic terms giving us a function in t′′2 plus quartic terms and terms of
higher order.
Note that for recognition purposes only the term t′ and the terms containing ε2 are needed
but we shall use the whole substitution for checking the versality later.
A B4 singularity occurs if and only if the value of a
′′
04 is nonzero where
1
64a520
a′′04 = −9a230a411 − 24a30a211a12a220 + 24a20a21a30a311 − 16a212a420 + 32a320a21a12a11
−16a220a221a211 + 4a40a411a20 + 64a04a520 − 32a13a11a420 − 8a31a311a220 + 16a22a211a320
By the transversality theorem 3.59 (see page 107) we may only impose up to one condition on
the curve or surface for any singularities to be generic so higher degenerations are not possible.
Ck series
If a20 = 0 but a11 6= 0 so the quadratic part does not form a perfect square we get singularities
of the type Ck with k ≥ 3.
If a20 = 0 but both a11 and a30 are nonzero then we get C3 singularities.
The condition that a20 vanishes is λ0
(
λ0
µ0
f20 + β2
)
= 0. For λ0 = 0 the expression vanishes
but in this section we only consider the Minkowski set away from the surface M .
For f20 and β2 both nonzero a caustic point will always occur on the chord at the point
λ0
µ0
= − β2
f20
which we shall denote λC
µC
.
Geometrically this means that a caustic point occurs on a particular chord at the point where
the ratio of λ to µ is equal to minus the ratio of the curvature of the curve N projected onto
the tangent plane TaM and sectional curvature of the surface M in the direction of the curve
tangent line TbN . When they are equal, if we consider a projective setting, the caustic point
occurs at infinity. This is the same condition for the curve and surface to have 3rd order contact
if translated to the same point. If the curvature of the curve N and the sectional curvature of
the surface M are equal but with opposite sign the caustic point occurs at the half way point
λ0 =
1
2
. This is the same condition that the reflection of say the surface in the midpoint has
3rd order contact with the curve; see theorem 3.25 or similar results in [13].
If f20 is zero, i.e. the direction of the curve coincides with an asymptotic direction on the
surface, the caustic point occurs at µ = 0 which shall not be considered in this thesis.
Similarly if β2 is zero, i.e. when the tangent plane Pb to the curve N is the osculating plane,
the caustic point occurs at λ = 0 and this case shall be considered in section 8.
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If a20 = a30 = 0 but a11 6= 0 then we get a C4 singularity at λC . The condition that a30 = 0
is that β3 =
λ2
µ2
f30 − λµα2f11.
Note that the condition for Ck singularities in the tangential setting is the same as for Ak−1
singularities in the transversal setting. In fact Ck is adjacent to Ak−1.
F4 singularity
If a20 = a11 = 0, a02 6= 0 and a30 6= 0 then an F4 singularity occurs.
The F4 class belongs to the intersection of the closures of B3 and C3 strata. When f11 = 0
(a11 = 0) the points on the chord where the B3 and C3 singularities lie coincide resulting in an
F4 singularity at the point λ0 =
β2
β2−f20
.
5.4. Versality of singularities in the tangential setting. We now complete the proof
of theorem 3.41 by checking the versality for each singularity type in turn.
Versality of singularities of the type B2
Singularities of the type B2 occur if the coefficient of t
2 in Φ is non-vanishing and the
quadratic part of Φ in variables t and ε do not form a perfect square, that is λ0
µ0
6= − β2
f20
and
λ0
µ0
6= −4f02β2
4f20f02−f211
respectively. Singularities of the type B2 are versal automatically and there is
nothing to check.
Versality of singularities of the type B3
When the quadratic part of Φ in variables t and ε forms a perfect square, that is λ0
µ0
=
−4f02β2
4f20f02−f211
, but the coefficient of t2 in Φ is non-vanishing, that is λ0
µ0
6= − β2
f20
we get singularities
of the Bk class with k ≥ 3.
Making the substitution t = t′ − a11
2a20
ε reduces the organising centre to the form
g(t′, ε) = a20t
′2 + a30t
′3 + a′21t
′2ε+ a′12t
′ε2 + a′03ε
3 + ...
In order to be of the type B3 we require that a
′
03 is nonzero.
Consider g0(t
′, ε) = a20t
′2 + a′03ε
3. We wish to show that g0 is space-time contact equivalent
to the organising centre g(t′, ε). We associate monomials in t′ and ε to the integral lattice (figure
21). We then note the monomials belonging to the tangent space Tg0 = Ot′,ε{g0, ∂g0∂t′ }+Oε{∂g0∂ε }
to the orbit, (see [4] or [18]). The binomial g0 is formed by the segment with end points (3, 0)
and (0, 2). The monomials given by the derivatives ∂g0
∂t′
and ∂g0
∂ε
are also shown. Since we are
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permitted to multiply the derivative ∂g0
∂t′
by functions in t′ and ε, all monomials above and to
the right of t′ belong to Tg0 . By moving the segment g0 to the right we can convince ourselves
that all the monomials in the shaded region of figure 21(b) belong to the tangent space to the
orbit Tg0 . In figure 21(c) two monomials are indicated determining an R-basis for the algebra
Q = R[[t, ε]]/Tg0 .
Figure 21. Newton diagram for B3
Up to quadratic terms in q the function Φ can now be written as
Φ(t′, ε) = g0(t
′, ε) + φ1(t
′, ε)q1 + φ2(t
′, ε)q˜2 + φ3(t
′, ε)q3
for some functions φ1, φ2 and φ3 = −1.
The necessary and sufficient conditions for versality is that the initial velocities of this
deformation span the algebra Q = R[[t, ε]]/Tg0 (see for example [7] and [21] for details).
In the B3 case for a basis of Q we can take 1 and ε. So we require that the matrix of
derivatives
JB3 =
(
φ1 φ2 φ3
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
)
|t′=ε=0
has maximal rank.
After substituting t′ and λ0 =
4f02β2
4f02β2−4f02f20+f11
2 we obtain:
JB3 =
(
0 0 −1
4f02β2−4f02f20+f11
2
f11
0 0
)
.
Notice that the condition 4f02β2−4f02f20+f11
2
f11
= 0 would imply that the B3 singularity occurs
at µ0 = 0. Therefore, away from the curve and surface the matrix JB3 always has maximal rank
and so B3 singularities are versally unfolded in such case. 2
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Versality of singularities of the type B4
Singularities of typeB4 occur when
λ0
µ0
= −4f02β2
4f20f02−f211
, a′03 =
4a220a21a
2
11+16a
4
20a03−8a
3
20a12a11−2a20a30a
3
11
16a420
=
0 and also λ0
µ0
6= − β2
f20
(in particular f11 6= 0) and a′′04 6= 0.
Making the substitution
t′ = t′′ − a30t
′′2
2a20
+
3a30a11t
′′ε
4a220
− a21t
′′ε
2a20
− 3a30a
2
11ε
2
8a320
− a12ε
2
2a20
+
a21a11ε
2
2a220
reduces the organising centre to the form
g(t′′, ε) = a20t
′′2 + a′′40t
′′4 + a′′31t
′′3ε+ a′′22t
′′2ε2 + a′′31t
′′3ε+ a′′04ε
3 + ...
Up to space-time contact equivalence we can remove terms occurring in the shaded region
above the newton diagram (figure 22) since they belong to the tangent space to the orbit
TB3g0 = Ot′′,ε{g0, ∂g0∂t′′ }+Oε{∂g0∂ε }.
Figure 22. Newton diagram for B4
Denote the new organising centre as g0 = a20t
′′2 + a′′04ε
4. Up to quadratic terms in q the
function Φ can be written as
Φ(t′′, ε) = g0(t
′′, ε) + φ1(t
′′, ε)q1 + φ2(t
′′, ε)q2 + φ3(t
′′, ε)q3
for some functions φ1, φ2 and φ3 = −1.
In this case monomials forming a basis of Q = R[[t, ε]]/Tg0 are 1, ε and ε
2. Therefore the
matrix that has to have maximal rank in order for versality in this case is
JB4 =
 φ1 φ2 φ3∂φ1∂ε ∂φ2∂ε ∂φ3∂ε
∂2φ1
∂ε2
∂2φ2
∂ε2
∂2φ3
∂ε2

|t′′=ε=0
where the first two rows are the same as those in JB3 and
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∂2φ2
∂ε2
=
(−4f02β2 + 4f02f20 − f112)2
2f11
3β2
2
(
4f02f20 − f112
)2 (−48f023β22f30 + 48β3f023f202 − 24β3f022f20f112
+3f02β3f11
4 − 12β22f112f12f02 − 4β22f113f02 + 8β2f113f02f20 + 16β22f11f20f022
−16β2f11f022f202 + 24β22f11f21f022 − β2f115 + 6β22f113f03).
The coefficient β2 is nonzero (since λ0 6= 0) and f11 is nonzero (see earlier conditions).
Therefore the condition for the determinant to be zero can be solved for f03 as a function of the
other terms:
f03 =
8f02
3f30
f11
3 −
8β3f02
3f20
2
β2
2f11
3 +
8f02
2f20
2
3β2f11
2 −
8f20f02
2
3f11
2 +
4β3f02
2f20
β2
2f11
− 4f21f02
2
f11
2 −
4f02f20
3β2
+
2f02
3
− f11f02β3
2β2
2 +
2f12f02
f11
+
f11
2
6β2
.
This provides an independent condition so for a generic curve and surface the matrix will
have nonzero determinant. Therefore B4 singularities are versally unfolded. 2
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Versality of singularities of the type C3
When the coefficient of t2 in Φ vanishes but the coefficient of tε does not we get singularities
of the Ck class with k ≥ 3. This happens when λ0µ0 = −
β2
f20
but f11 is nonzero. For C3 we must
have a30 6= 0.
Up to space-time contact equivalence (definition 2.5) we can remove terms occurring in the
shaded region of figure 23 since they belong to tangent space to the orbit TC3g0 = Ot,ε{g0, ∂g0∂t }+
Oε{∂g0∂ε }.
Figure 23. Newton diagram for C3
Denote the new organising centre as g0 = a20t
3 + a11tε. Up to quadratic terms in q the
function Φ can be written as
Φ(t, ε) = g0(t, ε) + φ1(t, ε)q1 + φ2(t, ε)q˜2 + φ3(t, ε)q3
for some functions φ1, φ2 and φ3 = −1.
In this case for a basis of Q = R[[t, ε]]/Tg0 we can take 1 and t
2. The derivative matrix JC3
that needs to have maximal rank to ensure versality of C3 consists of the terms under the ruler
in the newton diagram 23 and so is given by
JC3 =

φ1 φ2 φ3
∂g
∂ε
∂g
∂t
∂φ1
∂t
∂φ2
∂t
∂φ3
∂t
∂2g
∂ε∂t
∂2g
∂t2
∂2φ1
∂t2
∂2φ2
∂t2
∂2φ3
∂t2
∂3
∂ε∂t2
∂3g
∂t3
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
∂2g
∂ε2
∂2g
∂t∂ε
 |t=ε=0.
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After substituting the necessary conditions for a C3 singularity, up to a nonzero factor of
the columns and rows the matrix can be written
0 0 −1 0 0
2β2
f11β2
f20
0 f11β2
f20
0
f11f20α2+3f30β2
f20
2
2f02f20α2+f21β2
f20
2 0
2f02f20α2−f20
2+f20β2+f21β2
f20
2 3
(f30β22−f202β3+f11β2f20α2)
f20
2(−β2+f20)
2 (−β2+f20)f11
f20
4 (−β2+f20)f02
f20
0 2 (−β2+f20)f02
f20
f11β2
f20

The determinant of the minor consisting of the columns 1, 2, 3 and 5 vanishes if
f21 =
20f11β2f02f20
2α2 − 3β22f112f30 − 24f02f203β3 + 24f20f02f30β22 − 5β2f113f20α2 + 6f112f202β3
2f20f11β2
2
where f20 and β2 are nonzero since we assume λ 6= 0, 1 and f11 is also nonzero to avoid the
singularity being of type F4.
After substituting this condition, the determinant of the minor consisting of the columns
1, 2, 3 and 4 vanish if and only if β3 =
(6f02f11f20α2+6f02f30β2−f11f202+f11β2f20)β2
6f02f20
2 where f20 is nonzero
and f02 is generically nonzero. Therefore, it takes two independent conditions for the matrix JC3
to have rank less than the maximal rank 4 so this does not occur generically. Hence singularities
of the type C3 are versally unfolded. 2
Versality of singularities of the type C4
Singularities of the type C4 occur when both the quadratic and the cubic part of Φ in t
vanishes. This happens when λ0
µ0
= − β2
f20
and a30 = 0 but both f11 and a40 are nonzero.
Up to space-time contact equivalence we can remove terms occurring above the diagram
or on it in the shaded region of figure 24 since they belong to the tangent space to the orbit
Tg0 = Ot,ε{g0, ∂g0∂t }+Oε{∂g0∂ε }.
Denote the new organising centre as g0 = a40t
4 + a11tε. Up to quadratic terms in q the
function Φ can be written as
Φ(t, ε) = g0(t, ε) + φ1(t, ε)q1 + φ2(t, ε)q˜2 + φ3(t, ε)q3
for some functions φ1, φ2 and φ3 = −1.
In the case C4 for a basis of Q = R[[t, ε]]/Tg0 we can take the monomials 1, t
2 and t3.
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Figure 24. Newton diagram for C4
JC4 =

φ1 φ2 φ3
∂g
∂ε
∂g
∂t
∂φ1
∂t
∂φ2
∂t
∂φ3
∂t
∂2g
∂ε∂t
∂2g
∂t2
∂2φ1
∂t2
∂2φ2
∂t2
∂2φ3
∂t2
∂3g
∂ε∂t2
∂3g
∂t3
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
∂2g
∂ε2
∂2g
∂t∂ε
∂3φ1
∂t3
∂3φ2
∂t3
∂3φ3
∂t3
∂4g
∂ε∂t3
∂4g
∂t4
 |t=ε=0.
After substituting this and the necessary C4 singularity conditions, the first 4 rows of the
matrix are the same as JC3 except that
∂3g
∂t3
is zero.
The final row is
2f21β2f20α2 + f11f20
2α3 + 4f40β2
2
2f12β2f20α2 + 2f02f20
2α3 + f31β2
2
0
2f30β2
2 + f31β2
2 − 2f20f30β2 − f11f202α2 + 2f12β2f20α2 + 2f02f202α3 + f11β2f20α2
4(f11β2f202α3+f21β22f20α2+f02f202β2α22−f203β4+f40β23)
(f20−β2)

T
.
We already know that the first 4 rows of JC4 are generically independent from versality of C3.
To be of type C4 the term
∂4g
∂t4
must be nonzero. Therefore, the last row of the matrix JC4 must
be independent from the first 3 since their last entries are zero. To show the matrix JC4 has
nonzero determinant we observe that the last two rows are also independent because they have
a non-degenerate minor consisting of their first two entries:(
∂φ1
∂ε
∂2φ2
∂ε
∂3φ1
∂t3
∂3φ2
∂t3
)
|t=ε=0.
Which vanishes only when
f31 = 2
2f02f20α2f21 + 4f02f40β2 − f11f12f20α2
f11β2
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where β2 and f11 are already assumed to be nonzero. Therefore, generically C4 singularities are
generically versally unfolded. 2
Versality of singularities of the type F4
Singularities of the type F4 occur when
λ0
µ0
= − β2
f20
and f11 = 0 but both a30 6= 0.
Up to space-time contact equivalence we can remove terms occurring in the shaded region
of figure 24 since they belong to the tangent space to the orbit Tg0 = Ot,ε{g0, ∂g0∂t }+Oε{∂g0∂ε }.
Denote the new organising centre as g0 = a30t
3 + a02ε
2. Up to quadratic terms in q the
function Φ can be written as
Φ(t, ε) = g0(t, ε) + φ1(t, ε)q1 + φ2(t, ε)q2 + φ3(t, ε)q3
for some functions φ1, φ2 and φ3 = 1.
Figure 25. Newton diagram for F4
In the F4 case for a basis of Q = R[[t, ε]]/Tg0 we can take 1, t and tε. Here we require that
the matrix
JF4 =

φ1 φ2 φ3
∂g
∂ε
∂g
∂t
∂φ1
∂t
∂φ2
∂t
∂φ3
∂t
∂2g
∂ε∂t
∂2g
∂t2
∂2φ1
∂t2
∂2φ2
∂t2
∂2φ3
∂t2
∂3g
∂ε∂t2
∂3g
∂t3
∂φ1
∂ε
∂2φ2
∂ε
∂φ3
∂ε
∂2g
∂ε2
∂2g
∂t∂ε
∂2φ1
∂ε∂t
∂2φ2
∂ε∂t
∂2φ3
∂ε∂t
∂3g
∂ε2∂t
∂3g
∂t2∂ε
 |t=ε=0.
Substituting the necessary conditions for an F4 singularity yields
80 3. CURVE AND SURFACE IN THREE SPACE


0 0 −1 0 0
2 0 0 0 0
3f30β
2
2 2f02f20α2 + f21β2 0 2f02f20α2 − f
2
20 + f20β2 + f21β2 3
(
f30β2
2
− f20
2β3
)
0 2 0 1 0
f20β2 − f20
2
+ f21β2 f12β2 0 f12β2 β2
(
2f02f20α2 − f20
2
+ f20β2 + f21β2
)


Which vanishes when
f12 =
(
2f02f20α2 − 2f202 + 2f20β2 + f21β2
)
(f20β2 − f 220 + 2f02f20α2 + f21β2)
3 (f30β22 − f 220β3)
This provides a non-generic condition so F4 singularities are versally unfolded. 2
5.5. Calculations from the normal forms in the tangential case. In this section
we calculate from the normals forms what the Minkowski set looks like at each of the generic
singularity types.
Normal form for B2
For a B2 singularity the normal form is
Φ = t2 + ε2 + q3.
The caustic is the variety in the q space which satisfies the set of equations Φ = t2+ε2+q3 = 0,
∂Φ
∂t
= 2t = 0 and ∂
2Φ
∂t2
= 2 = 0. Clearly the last equation has no solution so the caustic at a B2
singularity is empty.
The criminant is the variety in the q space which satisfies the set of equations Φ = t2+ ε2+
q3 = 0,
∂Φ
∂t
= 2t = 0 and ∂Φ
∂ε
= 2ε = 0.
So t = ε = q3 = 0 and q1 and q2 are both arbitrary. At a B2 singularity the Minkowski set
consists only of the criminant which is a smooth surface diffeomorphic to the (q1, q2)-plane (see
figure 26).
Remark. In fact, at all the Bk singularities the caustic is empty. The criminant is a ruled
surface made up of chords in the tangential setting. Through reducing to the normal form the
fact that the criminants are ruled surfaces becomes lost.
Normal form for B3
For a B3 singularity the normal form is
Φ = t2 + ε3 + q2ε+ q3.
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Since the derivative ∂
2Φ
∂t2
= 2 = 0 has no solutions the caustic at a B3 singularity is empty.
The criminant is the variety in the q space which satisfies the set of equations Φ = t2+ ε3+
q2ε+ q3 = 0,
∂Φ
∂t
= 2t = 0 and ∂Φ
∂ε
= 3ε2 + q2 = 0.
So the criminant is parametrised by (q1, q2, q3) = (q1,−3ε2, 2ε3), that is, a cuspidal edge (see
figure 27).
Figure 26. The Minkowski
set at a B2 singularity. Here the
criminant is a smooth ruled sur-
face and the caustic is empty.
Figure 27. The Minkowski
set at a B3 singularity. Here
the criminant is a ruled cuspi-
dal edge and the caustic is
empty.
Normal form for B4
For a B4 singularity the normal form is
Φ = t2 + ε4 + q1ε
2 + q2ε+ q3.
Since the derivative ∂
2Φ
∂t2
= 2 = 0 has no solutions the caustic at a B4 singularity is empty.
The criminant is the variety in the q space which satisfies the set of equations Φ = t2+ ε4+
q1ε
2 + q2ε+ q3 = 0,
∂Φ
∂t
= 2t = 0 and ∂Φ
∂ε
= 4ε3 + 2εq3 + q2 = 0.
So the criminant is parametrised by (q1, q2, q3) = (q1,−4ε3 − 2q1ε, 3ε4 + q1ε2) which is a
swallowtail (see figure 28).
Normal form for C3
For a C3 singularity the normal form is
Φ = t3 + tε+ q1ε+ q3.
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The caustic is the variety in the q space which satisfies the set of equations Φ = t3 + tε +
q1ε+ q3 = 0,
∂Φ
∂t
= 3t2 + ε = 0 and ∂
2Φ
∂t2
= 6t = 0.
Which gives t = ε = q3 = 0 and q1 and q2 are both arbitrary so the caustic is the (q1, q2)-
coordinate plane, in particular it is a smooth surface.
The criminant is the variety in the q space which satisfies the set of equations Φ = t3+ tε+
q2ε+ q3 = 0,
∂Φ
∂t
= 3t2 + ε = 0 and ∂Φ
∂ε
= t+ q1 = 0.
So the criminant is given by (q1, q2, q3) = (q1,−t, t3) which is also a smooth surface.
At a C3 point the Minkowski the criminant and caustic are both smooth and have second
order tangency (third order contact) along a curve (see figure 29).
Figure 28. The Minkowski
set at a B4 singularity. Here the
criminant is a ruled swallowtail.
Figure 29. At a C3 singular-
ity both the caustic Σ and the
criminant ∆ are smooth.
Normal form for C4
For a C4 singularity the normal form is
Φ = t4 + tε+ q2t
2 + q1ε+ q3.
The caustic is the variety in the q space which satisfies the set of equations Φ = t4 + tε +
q1t
2 + q2ε+ q3 = 0,
∂Φ
∂t
= 4t3 + ε+ 2q1t = 0 and
∂2Φ
∂t2
= 12t2 + 2q1 = 0.
So the caustic is given by (q1, q2, q3) = (−t2,−q2, 2t4 + 2q2t3) which parametrises a folded
Whitney umbrella.
The criminant is the solution of Φ = t4 + tε+ q1t
2 + q2ε+ q3 = 0,
∂Φ
∂t
= 4t3 + ε+ 2q2t
2 = 0
and ∂Φ
∂ε
= t+ q2 = 0.
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So the criminant is given by (q1, q2, q3) = (q1, q2,−q42 − q1q22) which is smooth surface.
To calculate the contact between the criminant and the cuspidal edge of the caustic we use
the contact map (see theorem 3.25). The cuspidal edge of the folded Whitney umbrella is given
by (q1, q2, q3) = (0,−q2, 0), and the smooth criminant surface can be given by q3+ q42+ q1q22 = 0.
The contact map in this case is:
F (q2) = q
4
2.
Since the first 4 derivatives with respect to q2 of the contact map F (q2) vanish, at a C4 singularity
the cuspidal edge part of the folded umbrella in the caustic has 4th order contact with the smooth
criminant (see figure 30).
Normal form for F4
For an F4 singularity the normal form is
Φ = t3 + ε2 + q2tε+ q1t+ q3.
The caustic is the variety in the q space which satisfies the set of equations Φ = t3 + ε2 +
q2tε+ q1t+ q3 = 0,
∂Φ
∂t
= 3t2 + q2ε+ q1 = 0 and
∂2Φ
∂t2
= 6t = 0.
So the caustic is given by (q1, q2, q3) = (−q2ε, q2,−ε2) which is the parametrisation of a
Whitney umbrella.
The criminant is the solution of Φ = 0, ∂Φ
∂t
= 0 and ∂Φ
∂ε
= 2ε+ q2t = 0.
So the criminant is given by (q1, q2, q3) = (−3t2+ 12q22t, q2, 2t3− 14q22t2) which is cuspidal edge.
The cuspidal edge can be parametrised as ( 1
48
q42, q2,
−1
1728
q62). The Whitney umbrella can be
written as the variety given by q22q3 + q
2
1 = 0.
The contact map (see theorem 3.25) given by the composite of the two maps for the cuspidal
edge of the criminant and for the Whitney umbrella of the caustic is
F (q2) = − 1
69122
q82.
Since the first 8 derivatives with respect to q2 of the contact map F (q2) vanish, at a singularity
of type F4 the cuspidal edge of the criminant has 8th-order contact with the Whitney umbrella
of the caustic, see figure 31.
6. The Minkowski set in the supertangential setting
The supertangential case occurs when the tangent line to N at b0 lies in the tangent plane
to M at a0 and also passes through the point a0. In this instance the base chord and tangent
line to the curve are the same.
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Figure 30. At a C4 singularity
the criminant ∆ is smooth and
the caustic Σ is a folded um-
brella.
Figure 31. At an F4 singular-
ity the criminant ∆ is a ruled
cuspidal edge and the caustic Σ
is a Whitney umbrella.
Up to an appropriate affine transformation of R3 we can always assume that in some coordi-
nate system (x, y, z) the base parallel pair a0, b0 coincides with the pair of points (0, 1, 0), (0, 0, 0),
the tangent line to the surface M at a0 coincides with the (x, y)-coordinate plane, and also that
the tangent vector at b0 to the curve N coincides with the y-axis.
As in the tangential case up to an affine transformation of R3 we can always assume that
in some coordinate system (x, ŷ, z), where ŷ = y + 1 the base parallel pair a0, b0 coincides with
the pair of points (0, 1, 0), (0, 0, 0), and that the tangent plane to the surface M coincides with
the (x, y)-coordinate plane.
In these new coordinates the surface M in the neighbourhood of a0 has the representation
M = {(x, ŷ, z)|z = f(x, y)}
So M is the image of the embedding
r2 : U 7→ R3, r2 : (x, y)→ (x, ŷ, z(x, y))
of some neighbourhood U of the origin in R2.
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Figure 32. Super Tangential Setting
Near b0 the curve N is the image of the embedding
r1 : V 7→ R3, r1 : t 7→ (α(t), t, β(t))
of some neighbourhood V of the origin in R where α(t) and β(t) both vanish at the origin and
∂α
∂t
(0) = ∂β
∂t
(0) = 0.
6.1. Reducing the generating family in the supertangential setting. We use the
same generating function F that we used in both the standard tangential and the transversal
cases:
F(n, t, x, y, λ, q) = 〈λr1(t) + µr2(x, y)− q, n〉,
which in coordinate form for the supertangential case is
F = (λα(t) + µx− q1)n1 + (λt+ µ(y + 1)− q2)n2 + (λβ(t) + µf(x, y)− q3)n3.
We are interested in the germ of the family F at the base point corresponding to the base
chord l(a0, b0) that is the points with q1 = q3 = x = y = t = 0 and q2 = µ.
Like in section 5.1 the germ F is stably equivalent to the product of the family Φ with some
nonzero constant, where Φ = λβ(t) + µf (x, y)− q3 where x = q1−λαtµ , y = q2−λt−µµ .
Denote by g(t) = Φ(t, λ0, 0, q2, 0) at t = 0 and q2 = µ the organising centre of the family
germ Φ at the point m0 = (0, λ0, 0, µ0, 0). We shift the origin to the point m0 and introduce
new coordinates q2 = q˜2 + µ0, where µ0 is constant, µ = µ0 − ε and λ = λ0 + ε. This gives us
x = q1−(λ0+ε)α(t)
µ
and y = q20+q˜2−λt−µ0+ε
µ
where q20 = µ0 so
Φ = (λ0 + ε)β(t) + (µ0 − ε)f
(
q1 − (λ0 + ε)α(t)
µ0 − ε ,
q˜2 − (λ0 + ε)t+ ε
µ0 − ε
)
− q3.
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6.2. Expanding the generating function in the supertangential setting. We can
write the organising centre g(t, ε) as
g(t, ε) = b20t
2 + b11tε+ b02ε
2 + b30t
3 + b21t
2ε+ b12tε
2 + b03ε
3 + ...
where
b20 =
λ20
µ0
f02 + λ0β2; b11 = −2λ0
µ0
f02; b02 =
f02
µ0
;
b30 =
λ20
µ0
α2f11 − λ
3
0
µ20
f03 + λ0β3.
6.3. Recognition of supertangential singularities. The codimension for the supertan-
gential case in the space of all pairs of surface and curve germs is 0 so now the only irremovable
singularities that we can expect are of types B2, B3 and C3 (see corollary 3.62).
Bk Singularities
Singularities of type B2 occur when b20 6= 0 and b211 6= 4b20b02. The condition for B3 is that
b211 = 4b20b02 and b
′
03 6= 0. Substituting the terms bij into b211 = 4b20b02 gives
4(
λ20
µ0
f02 + λ0β2)
f02
µ0
− (2λ0
µ0
f02)
2 = 0.
This only happens if either f02 = 0 or if
λ0
µ0
β2 = 0.
Since f02 and β2 cannot vanish in the supertangential case due to codimension, the unique
B3 singularity can only (and will always) occur at λ = 0, that is, on the surface M .
So away from the curve and surface no B3 points occur generically on the supertangential
base chord. In the supertangential case singularities of type Bk with k ≥ 4 do not occur
generically due to codimension.
Ck singularities
If b20 6= 0 and b211 6= 4b20b02 then we get singularities of type C2. Note that this is the same
condition as for B2.
If b20 = 0 and b30 6= 0 but b11 6= 0 then we get C3. The condition for b20 = 0 is λ0µ0 = −
β2
f02
.
So at this point on the chord we get a C3 singularity.
Remark. The condition for a C3 singularity in the supertangential setting is in fact the same
as the condition in the tangential setting. Here f02 is in the place of f20. This is just a result
of the adapted coordinate system (x, ŷ, z). Geometrically the C3 point still occurs at the same
point on the chord (namely when the ratio λ0
µ0
is minus the ratio of the curvature of the curve
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N projected onto the tangent plane TaM and the sectional curvature of the surface M in the
direction of the curve tangent line TbN).
Generically no Ck singularities with k > 3 or singularities of type F4 exist in the supertan-
gential case due to the codimension (see corollary 3.62).
6.4. Versality of singularities in the supertangential setting. Singularities of the
type B2 (same as C2) are always versally unfolded and there is nothing to check. The only more
degenerate singularity that can occur away from the curve or surface is C3.
To check the versality of C3 singularities we apply the same method that was used in section
5.4 (see figure 23). That is we show that the matrix
JC3 =

φ1 φ2 φ3
∂g
∂ε
∂g
∂t
∂φ1
∂t
∂φ2
∂t
∂φ3
∂t
∂2g
∂ε∂t
∂2g
∂t2
∂2φ1
∂t2
∂2φ2
∂t2
∂2φ3
∂t2
∂3
∂ε∂t2
∂3g
∂t3
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
∂2g
∂ε2
∂2g
∂t∂ε
 |t=ε=0
has maximal rank. Substituting the necessary conditions for a C3 singularity we find that the
determinant of the minor consisting of the columns 1, 2, 3 and 5 vanishes if and only if
f12 =
f11
2α2f02 − 4f022f20α2 + 3f11f03β2
2f02β2
where f02 and β2 are nonzero. This does not occur generically so C3 singularities are versally
unfolded in the supertangential setting.
7. Wave fronts in the tangential and supertangential settings
7.1. Versality of Ak singularities of the wave fronts in the tangential setting. We
now proceed by proving theorem 3.6. Since time-space equivalence permits us to make changes
to q involving λ, we are able to reduce the generating family in the tangential setting to the
same family as in the transversal setting (see proposition 3.42 below). Since we have already
shown the versality for the classes in the transversal setting (see section 2.5) it follows that
the singularities of the wave fronts are also versal in the tangential setting. The list of generic
types is smaller than that of the transversal setting due to the codimension (see corollary 3.62).
Proposition 3.42 below completes the first part of the proof of theorem 3.6. To complete the
second part of the proof we show versality in the supertangential setting directly. Here only
singularities of types A1 and A2 arise generically.
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Proposition 3.42. The generating family in the tangential case is time-space equivalent to
the generating family in the transversal case.
Corollary 3.43. Possible singularities of the wave fronts are a subset of the list of singu-
larities in the transversal case. Due to codimension only singularity types A1, A2 and A3 occur
generically in the tangential setting.
Proof of proposition 3.42. The generating family in the tangential setting is
Φ(t, λ, q) = λβ(t) + µf
(
q1 − λt
µ
,
q2 − λα(t) + µ
µ
)
− q3.
Introducing the change of coordinates q2 = q̂2 − µ, and q3 = q̂3 + µ gives
Φ(t, λ, q) = λβ(t) + µf
(
q1 − λt
µ
,
q̂2 − λα(t)
µ
)
− q̂3 − µ
which is the same as the generating family (2.1) in the transversal setting. 2
Therefore lemma 3.30 and 3.31 imply that all the generic singularities are generically versal
in the tangential case. Due to codimension the singularities of type A∗3 and A4 do not occur
generically so the complete list consists of A1, A2 and A3 singularities. This completes the first
part of theorem 3.6. 2
7.2. Versality of Ak singularities of the wave fronts in the supertangential setting.
Introducing q2 = q̂2−µ, then expanding the generating family, up to quadratic terms in q yields,
the lowest terms in t as:
Φ0 = −q3
Φ1 = −f11λq1
µ
− 2f02λq2
µ
Φ2 = λβ2 +
f02λ
2
µ
+ µ
(
−2f20λα2
µ2
+
f12λ
2
µ3
)
q1 + µ
(
−f11λα2
µ2
+ 3
f03λ
2
µ3
)
q2
Φ3 = λβ3 + µ
(
−f03λ
3
µ3
+
f11λ
2α2
µ2
)
+ µ
(
2
f21λ
2α2
µ3
− 2f20λα3
µ2
− f13λ
3
µ4
)
q1
+µ
(
2
f12λ
2α2
µ3
− f11λα3
µ2
− 4f04λ
3
µ4
)
q2.
At the point λ = β2
β2−f02
we get a singularity of the type A2.
Lemma 3.44. A1 singularities of the extended wave front are always time-space versal
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Proof. Clearly the matrix
M̂1 =
(
−1 0 0
)
always has maximum rank so singularities of the type A1 are automatically versally unfolded.
2
Lemma 3.45. A2 singularities of the extended wave front are generically time-space versally
unfolded.
Proof.
In order for the A2 singularities to be versal with respect to q only we require the matrix
M2 =
(
−1 0 0
0 f11 2f02
)
to have maximal rank. Due to codimension the matrix M2 has rank 2 generically, so A2 singu-
larities in the supertangential case are generically versally unfolded. 2
This completes the proof of the second part of theorem 3.6. 2
Remark. Comparing the conditions for the various singularities of the wave fronts in the
tangential and supertangential setting with the conditions for the singularities of the caustic
tells us something about how the caustics are swept out by the wave fronts. We see that A1
singularities in the wave front sweep out singularities of the class Bk. At these points the caustic
is empty and the wave fronts are smooth. Singularities of the Minkowski set of the types C3 and
F4 are swept out by A2 singularities in the wave fronts. These points occur when the caustics
comes into contact with the criminant. At a C3 point the caustic that is swept out is a smooth
surface with third point contact with the criminant. At an F4 point, as the cuspidal edge of the
wave front moves it rotates about itself in such a way to sweep out the Whitney umbrella of
the caustic. Similarly the swallowtail of an A3 point on the wave front rotates to sweep out the
folded Whitney umbrella at a C4 point (see [3]). This is an example of how studying spatio-
temporal events with both space-time and time-space equivalences can yield more information
than just one equivalence on its own (see [35]).
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8. The Minkowski set near the surface in the transversal setting
Recall the reduced generating function for the transversal case (see proposition 3.10):
F(t, λ, q1, q2, q3) = λβ(t) + µ
(
f
(
q1 − λt
µ
,
q2 − λα(t)
µ
)
− 1
)
− q3.
Near the surface the value of λ is small and the parameter q3 is close to −1. Introduce the
new coordinate q∗3 = 1 + q3 which gives
F(t, λ, q1, q2, q∗3) = λβ(t) + (1− λ)f(t, λ, q1, q2) + λ− q∗3.
Denote by f0 the function f(0, 0, q1, q2). We can re-write F as
F(t, λ, q1, q2, q∗3) = −q∗3 + f0 + λG(t, λ, q1, q2, q∗3)
where G = (β − f + 1 + f−f0
λ
)
. Introduce the new coordinate q˜3 = −q∗3 + f0(q1, q2) which
vanishes exactly at the points of the surface q˜3 = f(q1, q2).
Denote by Φ0,Φ1, ... etc. the terms of the power series decomposition of G in λ so that the
generating function F is written
F = q˜3 + λ
(
Φ0 + λΦ1 + λ
2Φ2 + ...
)
(8.1)
where up to linear terms in the qi
Φ0(t, q1, q2) = 1 + β(t)− 2q1f20t− q2f11t− q1f11α(t)− 2q2f02α(t)
Φ1(t, q1, q2) = f20t
2 + f11tα + f02α
2 +
(
2f21tα + 3f03t
2 + f12α
2 − 2f20t
)
q1
+
(
f21t
2 + 3f03α
2 + 2f12tα + 2f02α
)
q2.
Proposition 3.46. The equation F = 0 becomes F = λ + q˜3H(t, q1, q2, q˜3) after multipli-
cation by an appropriate function germ non-vanishing at the base point, where the lower degree
terms with respect to q˜3 of the function H are: H =
1
Φ0
+ Φ1q˜3
Φ30
+ ...
Proof.
Since ∂F
∂λ
6= 0, by the implicit function theorem it is possible to solve F = 0 in terms of λ
giving λ = −q˜3H(t, q) at the points where F = 0 for some function H(t, q). Substituting this
expression for λ into equation (8.1) yields
q˜3 = q˜3H(t, q, q˜3)(Φ0 − q˜3H(t, q, q˜3)Φ1 + ...).(8.2)
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Expand H with respect to q˜3 to give
H = H0 + q˜3H1 + ...
for some functions Hi. Cancelling a factor of q˜3 formula (8.2) provides
1 = (H0 + q˜3H1 + ...)(Φ0 − q˜3(H0 + q˜3H1 + ...)Φ1 + ...).(8.3)
Equating terms of subsequent orders in q˜3 we get H0 =
1
Φ0
and H1 =
Φ1
Φ30
.
Therefore
λ = −q˜3
(
1
Φ0
+
Φ1q˜3
Φ30
+ ...
)
,
so our generating family is
F = λ+ q˜3
(
1
Φ0
+
Φ1q˜3
Φ30
+ ...
)
. 2
Consider the space W of functions of the form F˜ = λ + q˜3H(t, q1, q2, q˜3) such that ∂F˜∂q˜3 6= 0
at the origin.
The following lemma is applicable for studying both the Minkowski set (space-time contact
equivalence) and also studying the wave fronts (time-space contact equivalence). The latter
shall be used in section 11.1.
Lemma 3.47. Assume H(t, q1, q2, q˜3) is R+-versally unfolded with respect to q1 and q2 only,
then the germ of family F = λ+ q˜3H is both space-time stable and time-space stable with respect
to deformations inside the space W .
Proof.
Consider a function H∗(t, q) sufficiently close to H and consider a deformation Hθ, θ ∈ [0, 1]
which joins H with H∗. We shall prove that all Fθ = λ + q˜3Hθ are both space-time and
time-space equivalent to F0 = F .
We will find a family of local diffeomorphisms of the form
Ψθ : (t, λ, q1, q2, q˜3) 7→ (T (t, λ),Λ(λ), Q1(q), Q2(q), Q3(q))
where q = (q1, q2, q˜3) such that (Fθ ◦Ψθ) = F0. Note that because we wish to show space-time
and time-space stability we allow Λ to depend on λ only and Qi to depend on q only.
We differentiate this with respect to θ to get the following homological equation on the com-
ponents T˙ , Λ˙, Q˙1, Q˙2 and Q˙3 of the vector field whose phase flow consists of the diffeomorphims
Ψθ:
92 3. CURVE AND SURFACE IN THREE SPACE
∂Fθ
∂θ
+
∂Fθ
∂t
T˙ +
∂Fθ
∂λ
Λ˙ +
∂Fθ
∂q1
Q˙1 +
∂Fθ
∂q2
Q˙2 +
∂Fθ
∂q3
Q˙3(8.4)
where all the terms are evaluated at the Ψθ image of an arbitrary point m(t, λ, q). Applying
the diffeomorphism Ψ−1θ we can assume the terms are evaluated at the point m itself.
We wish to preserve the surface M , that is q˜3 = 0, so we now take Q˙3(q) = q˜3Q(q) for some
function Q(q). Taking Λ˙ = 0 means that equation (8.4) is divisible by q˜3. Dividing by q˜3 yields
∂Hθ
∂θ
+
∂Hθ
∂t
T˙ +
∂Hθ
∂q1
Q˙1 +
∂Hθ
∂q2
Q˙2 + (Hθ + q˜3
∂Hθ
∂q3
)Q.(8.5)
Introduce the notation 0 = |q1=q2=q˜3=0. We know that the equation
χ(t) +
(
∂Hθ
∂t
)0
T˙ +
(
∂Hθ
∂q1
)0
c1 +
(
∂Hθ
∂q2
)0
c2 +
(
Hθ + q˜3
∂Hθ
∂q3
)0
c3,
for some constants ci, is solvable for all χ due to the R+ versality of H in q1 and q2.
Given that the function H0θ is nonzero, H
0
θ c3 gives a free term and provides R versality. By
the Mather division theorem, we can replace χ(t) by Hθ(t, q), hence the equation 8.5 is solvable
for all Hθ(t, q).
Therefore the germ of family F is both space-time stable and time-space stable with respect
to deformations inside the space W . 2
Lemma 3.48. For generic curve and surface germs in the transversal setting, the function
H(t, λ, q) is versal for standard R+-equivalence with respect to q1 and q2 only.
Let Hk be the coefficients of the function H in its Taylor decomposition with respect to t at
the origin:
H =
∞∑
i=0
Hi(λ, q)ti.
For the generating family F we have
H0 = 1,
H1 = q˜3(2f20q1 + f11q2),
H2 = q˜3(f11q1α2 + 2f02q2α2)− β2,
H3 = q˜3(f11q1α3 − 4f20q1β2 + 2f02q2α3 − 2q2f11β2)− β3,
H4 = q˜3(β22 − 4f20q1β3 + f11q1α4 − 2f11q1α2β2 − 2q2f11β3 + 2f02q2α4 − 4β2f02q2α2)− β4.
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Setting in these formulas q1 = q2 = q˜3 = 0 we get the following expressions of the Taylor
coefficients of the organising centre gk = Hk|q1=q2=q˜3=0:
g0 = 1,
g1 = 0,
g2 = −β2,
g3 = −β3,
g4 = −β4.
The organising centre has a singularity of type Ak when g0, ..., gk are all vanishing but gk+1
is non-vanishing.
In order for H to be R+-versal with respect to q1 and q2 only at an Ak singularity for k = 2, 3
we need the first k − 1 rows of the jet matrix
Mk−1 =
(
∂2H
∂q1∂t
∂2H
∂q2∂t
∂3H
∂q1∂t2
∂3H
∂q2∂t2
)
to have maximal rank k − 1.
Remark. For checking R+-versality we do not need the row ∂H
∂q1
∂H
∂q2
in the matrix.
Versality of Â2 singularities on the surface M
An Â2 singularity of the caustic occurs if β2 = 0 and β3 6= 0. Recall that this is the necessary
and sufficient condition that the tangent plane to the surface is parallel to the osculating plane
of the curve. The A2 singularities are versal if the matrix
M1 =
(
2f20 f11
)
has rank 1. If f20 is nonzero then clearly M1 has rank 1. If f20 = 0, recall that this is the
flattening case (see definition 3.18), then the vanishing of β2, f20 and f11 provide a set of non-
generic conditions. Therefore, A2 singularities in both the flattening and non-flattening cases
are generically versally unfolded.
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Versality of Â3 singularities on the surface M
An Â3 singularity occurs if β2 = 0, β3 = 0 and β4 6= 0. This is the condition that the tangent
plane to the surface is parallel to the osculating plane of the curve and moreover it has 4 point
contact with the curve. The A3 singularities are versal if the matrix
M2 =
(
2f20 f11
α2f11 2α2f02
)
has rank 2. The condition det(M2) = 0 together with the necessary conditions for an Â3
singularity provide a non-generic condition so Â3 singularities are generically versally unfolded.
Note that due to codimension both Â4 singularities and flattening case Â3 singularities do not
occur generically at the surface. Therefore all generic singularities at the surface are versally
unfolded. 2
Proof of theorem 3.3.
Due to the special form of the generating family the surface forms part of the Minkowski set.
So at points where the caustic intersects the surface the multiplicity is greater than 1.
At Â2 type points on the surface the caustic is smooth and transversally intersects the surface
M . The respective generating family germ is space-time contact equivalent to the normal form:
Â2 : F = λ+ q˜3(t3 + q1t+ 1)
At Â3 type points on the surface the caustic has a cuspidal edge that transversally intersects
the surface M . The respective generating family germ is space-time equivalent to the normal
form:
Â3 : F = λ+ q˜3(t4 + q1t2 + q2t+ 1). 2
8.1. Calculations from the normal forms near the surface in the transversal case.
In this section we calculate from the normals forms what the Minkowski set looks like near the
surface in the transversal setting for each of the generic singularity types.
Normal form for Â2
For a Â2 singularity the normal form is
F = λ+ q˜3(t3 + q1t+ 1).
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The caustic is the variety in the q space which satisfies the set of equations F = λ+ q˜3(t3+
q1t+ 1) = 0,
∂F
∂t
= q˜3(3t
2 + q1) = 0 and
∂2F
∂t2
= 6q˜3t = 0.
(1) If q˜3 = 0 then this implies that λ = 0 and q1 and q2 are arbitrary. Therefore the (q1, q2)-
coordinate plane forms part of the caustic, in particular this is component is the surface itself.
(2) If t = 0 (and (˜q3) 6= 0) then this implies that q1 = 0 and q2 is arbitrary. Therefore the
(q2, q3)-coordinate plane forms part of the caustic.
So in particular the caustic consists of two smooth surfaces, the first component is the
surface itself and it transversally intersects the other caustic component. Since the derivative
∂Φ
∂ε
is nonzero the criminant at an Â2 is empty, see figure 33.
Normal form for Â3
For a Â3 singularity the normal form is
F = λ+ q˜3(t4 + q1t2 + q2t+ 1).
The caustic is the variety in the q space which satisfies the set of equations F = λ+ q˜3(t4+
q1t
2 + q2t+ 1) = 0,
∂F
∂t
= q˜3(4t
3 + 2q1t+ q2) = 0 and
∂2F
∂t2
= q˜3(12t
2 + 2q1) = 0.
(1) If q˜3 = 0 then this implies that λ = 0 and q1 and q2 are arbitrary. Therefore the (q1, q2)-
coordinate plane forms part of the caustic, in particular this is component is the surface itself.
(2) If q1 = −6t2 (and q˜3 6= 0) then this implies that q2 = −8t3. Therefore the second com-
ponent of the caustic is a semicubic cylinder.
So in particular the caustic consists of a semicubic cylinder that transversally intersects the
surface M . Since the derivative ∂Φ
∂λ
is nonzero the criminant at an Â3 is empty, see figure 34.
Example 3.49 of a caustic at an Â2 singularity intersecting the surface M .
If we have a surface M in the adapted coordinates given by
z(x, y) =
1
2
x2 +
1
2
y2 − 1
and a curve N where α(t) = t2 and β(t) = 1
2
t3 − 1
2
t4 then there is an Â2 singularity at λ = 0.
The caustic, diffeomorphic to smooth, intersects the surface transversally, see figure 33.
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Example 3.50 of a caustic at an Â3 singularity intersecting the surface M .
If we have a surface M in the adapted coordinates given by
z(x, y) =
1
2
x2 +
1
2
y2 − 1
and a curve N where α(t) = t2 and β(t) = −1
2
t4 then there is an Â3 singularity at λ = 0. The
caustic, diffeomorphic to semicubic cylinder, intersects the surface transversally, see figure 34.
Figure 33. Caustic at an Â2
singularity intersecting M
transversally.
Figure 34. Caustic at an Â3
singularity intersecting M
transversally.
9. Minkowski set near the surface in the tangential setting
Near λ = 0 the reduced generating family for the tangential setting can be written as
Φ(t, ε, q) = εβ(t) + (1− ε)f
(
q1 − εt
1− ε ,
q2 + ε− εα(t)
1− ε
)
− q3.
The family can be expanded up to linear terms in qi as
Φ = −q3 + ε[f11q1 + f02q2 − t(2f20q1 + f11q2) + ε(f02 + f11q1 + f12q1 + 2f02q2 + 3f03q2)
+t2(β2 − α2f11q1 − 2α2f02q2)− εt(f11 + 2f20q1 + f11q2 + 2f21q1 + 2f12q2)
+ε2(f02 + f03 + f11q1 + 2f12q1 + f13q1 + 2f02q2 + 6f03q2 + 4f04q2) + ...].
Consider the organising centre F = Φ|q1=q2=0 which is given by
F = −q3 + ε[f02ε+ β2t2 + f11tε+ (f02 + f03)ε2 + ...]
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where the dots represent higher than quadratic terms in ε and t. Notice that apart from the
term q3 the function is divisible by ε. Now consider the space W of function germs of the type
F˜ = −q3 + εH(t, ε, q1, q2).
Theorem 3.51. For a generic pair of surfaces M and N near λ = 0 the affine generating
family germ Φ is space-time contact equivalent to one of the following normal forms and is
stable inside the space W : B̂2 : F = −q3 + ε(t2 ± ε+ q1), B̂3 : F = −q3 + ε(t2 ± ε2 + q2ε+ q1)
or Ĉ3 : F = −q3 + ε(t3 + tε+ ε+ q2t+ q1).
The transversality theorem implies that in the tangential setting at λ = 0 only one condition
can be imposed on the derivatives of the curve and surface. This means there are three distinct
generic singularity types: namely when neither f02 nor β2 vanish (B̂2), when f02 = 0 (B̂3) and
when β2 = 0 (Ĉ3). The adjacency diagram can be found on page 24.
Proof of theorem 3.51.
Case when f02 6= 0 and β2 6= 0 (B̂2 ).
Proposition 3.52. Any germ of the family with f02 6= 0 and β2 6= 0 is space-time equivalent
to the normal form B̂2 : F = −q3 + ε(t2 ± ε+ q1).
Proof.
In this case the generating family is F = −q3 + ε[f02ε + β2t2 − f11tε + (f02 + f03)ε2 + ...]. In
order for the family to be infinitesimally stable inside the space of functions W we require that
any germ divisible by ε lies in the tangent space F ·H(t, ε) + ∂F
∂t
A(t, ε) + ∂F
∂ε
B(ε) to the orbit
restricted to q = 0 for some functions H,A and B where the function B vanishes at ε = 0.
By Hadamard’s lemma the function B contains a factor ε and can therefore be expressed as
B(ε) = εK(ε) for some function K.
The tangent space corresponding to the normal form is
ε[((t2 ± ε)H + 2tA+ (t2 ± 2ε)K].
All monomials in H divisible by εt can be obtained using the function A only with both
K and H zero. Monomials not divisible by t but divisible by ε2 of the form ε2D(t, ε) can be
obtained by setting K = ±D and H = −K. The only remaining monomial (divisible by ε)
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needed is ε so for the versal deformation we require the q1 term which is present since generically
f11 6= 0. Therefore the normal form is infinitesimally stable in the space W . 2
Case when f02 = 0 (B̂3).
Geometrically, this condition occurs when the base chord is of asymptotic direction for the
surface M .
Proposition 3.53. Any germ of the family with f02 = 0 and β2 6= 0 is space-time equivalent
to the normal form B̂3 : F = −q3 + ε(t2 ± ε2 + q2ε+ q1).
Here the generating family F = −q3+ ε[β2t2− f11tε+(f02+ f03)ε2+ ...]. Given that β2 6= 0,
we can divide by β2 and make the substitution t = T − f11ε2β2 . Now F = −q3 + ε[T 2 + ((f02 +
f03)− ( f114β2 )2)ε2 + ...]
A further change of coordinates reduces to F = −q3+ ε(T 2± ε2). The tangent space to the
organising centre f = ε(t2 + ε2) is
ε[(T 2 ± ε2)H + 2TA+ (T 2 ± 3ε2)K].
SettingH andK zero and using A only we can generate any function divisible by Tε. Setting
K = 0 and A = −1
2
TH we can generate any function of the form ε2K(ε). For versality we
require the deformation q2ε+ q1 which occurs in the generating family since generically f11 and
f03 are non vanishing.
A basis for Q = εR[[t, ε]]/T
B̂3
g0 is generated by the three monomials 1, ε and ε
2.
In order to be versal we require that the matrix
J
B̂3
=
 φ1 φ2 φ3∂φ1∂ε ∂φ2∂ε ∂φ3∂ε
∂2φ1
∂2ε2
∂2φ2
∂2ε2
∂2φ3
∂2ε2
 |t=ε=0
generically has nonzero determinant.
Substitution into the matrix yields
J
B̂3
=
 0 0 −1f11 0 0
f11 + f12 3f03 0
 .
which has determinant 3f11f03. This determinant is nonzero since we always assume f11 to be
nonzero and f03 is generically nonzero. Therefore B̂3 singularities are versally unfolded. 2
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This singularity is denoted B̂3 and has the normal form B̂3 : F = −q3+ ε(t2± ε2+ q2ε+ q1).
Case when β2 = 0 (Ĉ3).
Proposition 3.54. Any germ of the family Φ with β2 = 0 and f02 6= 0 is space-time stable
space-time stable with respect to deformations inside the space F˜ with normal form Ĉ3 : F =
−q3 + ε(t3 + εt+ ε+ q2t+ q1).
Proof. Consider the pre-normal form g0(t
′, ε) = ε[β3t
3 + f11εt + f02ε]. We wish to show
that g0 is space-time contact equivalent to the organising centre F . To do this we show that
any function of the form −q3+ εG(t, ε, q) belongs to the tangent space to the orbit with respect
to the space-time group.
Up to space-time contact equivalence (definition 2.5) we can remove terms occurring in the
shaded region of figure 35 since they belong to tangent space to the orbit T
Ĉ3
g0 = Ot,ε{g0, ∂g0∂t }+
Oε{∂g0∂ε } as follows. We have mod TĈ3g0:
F = ε(t3 + εt+ ε) ≡ 0,(9.1)
∂F
∂t
= 3t2ε+ ε2 ≡ 0,(9.2)
∂F
∂ε
= t3 + 2εt+ 2ε ≡ 0.(9.3)
Note that unlike the previous cases, the organising centre is not a quasi-homogeneous poly-
nomial.
We can multiply relation 9.3 by −1
2
ε to give
−1
2
ε
∂F
∂ε
= −1
2
t3ε− ε2t− ε2 ≡ 0.(9.4)
The relations 9.4 and 9.1 imply that monomials of the form t3εk+1 for some k1 ≥ 0 belong to
the tangent space to the orbit. Using this fact, we can multiply 9.2 by t to show that monomials
of the form tεk2+2 for some k2 ≥ 0 also belong to the orbit. Now, multiplying relation 9.3 by
functions in ε only, yield that εk3+2 for some k3 ≥ 0. Now relation 9.2 implies that monomials
of the form t2εk4 for some k4 ≥ 0 also belong. Finally, 9.2 can be used to obtain any monomial
in the shaded region of figure 35.
A basis for Q = εR[[t, ε]]/T
Ĉ3
g0 is generated by the three monomials 1, ε and εt.
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In order to be versal we require that the matrix
J
Ĉ3
=
 φ1 φ2 φ3∂φ1∂ε ∂φ2∂ε ∂φ3∂ε
∂2φ1
∂2εt
∂2φ2
∂2εt
∂2φ3
∂2εt
 |t=ε=0
generically has nonzero determinant.
Substitution yields:
J
Ĉ3
=
 0 0 −1f11 f02 0
2f20 f11 0

which indeed is nonzero generically. Therefore Ĉ3 singularities are versally unfolded. 2
Figure 35. Newton diagram for Ĉ3.
This singularity is denoted B̂3 and has the normal form Ĉ3 : F = −q3+ε(t3+εt+ε+q2ε+q1).
Remark. It is interesting to note that the functions F = −q3 + ε(t3 + αεt + ε + q2ε + q1)
with α 6= 0 are all equivalent however, with α = 0 the function is not equivalent to the others.
In particular the caustic would no longer be smooth.
9.1. Calculations from the normal forms. Normal Form of B̂2
B̂2 : F = −q3 + ε(t2 ± ε+ q1)
∂F
∂t
= 2tε
So the vanishing of ∂F
∂t
means either t or ε is zero.
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Caustic
∂2F
∂t2
= 2ε
The only solution of ∂
2F
∂t2
= ∂F
∂t
= 0 is ε = 0 which implies q3 = 0 and both q1 and q2 are arbi-
trary. Therefore only the surface forms part of the caustic and is in fact a redundant component.
Criminant
∂F
∂ε
= 2ε+ t2 + q1.
(1) If ε = 0 then q1 = −t2, q3 = 0 and q2 is arbitrary so the half surface given by the
negative q1 part of the surface M forms a redundant component of the criminant.
(2) If t = 0 then ∂F
∂ε
= 0 implies q1 = −2ε. Substituting into F gives q3 = −ε2. This gives
the criminant as a smooth surface with first order tangency to the surface M at the
point a.
The caustic of B̂2 only consists of the surface M . The criminant is smooth and has first
order tangency with the surface.
Figure 36. Minkowski Set at a B̂2 singularity.
Normal Form of B̂3
B̂3 : F = −q3 + ε(t2 ± ε2 + q2ε+ q1)
∂F
∂t
= 2tε
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So the vanishing of ∂F
∂t
means either t or ε is zero.
Caustic
∂2F
∂t2
= 2ε
The only solution of ∂
2F
∂t2
= ∂F
∂t
= 0 is ε = 0 which implies q3 = 0 and both q1 and q2 are
arbitrary. Therefore, similarly to B̂2, the only component of the caustic at a B̂3 type point is
the surface M itself.
Criminant
∂F
∂ε
= t2 ± 3ε2 + 2q2ε+ q1.
(1) If ε = 0 then q1 = −t2, q3 = 0 and q2 is arbitrary so a piece of the surface M for q1
negative forms part of the criminant.
(2) If t = 0 the from ∂F
∂ε
= 0, q1 = ∓3ε2 − 2q2ε. From F = 0 , q3 = ε(∓2ε2 − q2ε). So this
is cuspidal cylinder with second order tangency to the surface M along the boundary
q1 = 0 at the point a0 (see figure 37).
Figure 37. Minkowski set at a B̂3 singularity.
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Normal Form of Ĉ3
Ĉ3 : F = −q3 + ε(t3 + εt+ ε+ q2t+ q1).
∂F
∂t
= (3t2 + ε+ q2)ε.
So the vanishing of ∂F
∂t
means either ε is zero or q2 = −3t2 ± ε.
Caustic
∂2F
∂t2
= 6tε.
So either ε = 0 and hence q3 = 0 and q1 and q2 arbitrary so part of the caustic is the plane
q3 = 0 (representing surface M), or t = 0 and so q2 = +ε and q3 = q2(q1 + q2) so the caustic is
a smooth surface.
Criminant
∂F
∂ε
= t3 + 2εt+ 2ε+ q2t+ q1.
(1) If ε = 0 then ∂F
∂ε
= t3 + q2t + q1 so if
∂F
∂ε
= 0 then q1 = −t3 − q2t and q3 = 0 and q2 is
arbitrary, so part of the caustic is the plane q3 = 0 (representing M) and in particular
the region inside the cusp (2t3,−3t2, 0) is triply covered.
(2) If q2 = −3t2 − ε then ∂F∂ε = −2t3 + εt + 2ε + q1. The vanishing of ∂F∂ε implies q1 =
2t3 − εt− 2ε and substituting this value into F gives q3 = −ε2 − εt.
So the criminant is diffeomorphic to a folded Whitney umbrella. The cuspidal edge of the folded
Whitney umbrella has first order tangency with the surface M at a0 and third order tangency
with the caustic (see figures 38 and 39).
10. Minkowski set near the surface in the supertangential setting
Near the surface M in the supertangential setting the generating family can be written
Φ(t, ε, q) = εβ(t) + (1− ε)f
(
q1 − εα(t)
1− ε ,
q˜2 − εt+ ε
1− ε
)
− q3
which up to the first few terms can be expaded as
Φ = −q3 + ε(t2β2 + f02ε+ q1f11 + 2q2f02 − 2q2f02t− q1f11t+ ...).
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Figure 38. The criminant and
the caustic shown together at a
Ĉ3 singularity
Figure 39. The criminant and
the surface M shown together
at a Ĉ3 singularity
Figure 40. Example of the Minkowski set at a Ĉ3 singularity
In the supertangential case generically no terms can vanish so only singularities of the type B̂2
can occur. In particular we have the following theorem:
Proposition 3.55. For a generic pair of a curve N and a surface M the germ of the
generating family for the supertangential setting near M is space-time equivalent to the normal
form B̂2 : F = −q3 + ε(t2 ± ε+ q1).
In order for the family to be infinitesimally versal inside the space of functionsW we require
that any germ divisible by ε lies in the tangent space F · H(t, ε) + ∂F
∂t
A(t, ε) + ∂F
∂ε
B(ε) to the
orbit restricted to q = 0 for some functions H,A and B where the function B vanishes at ε = 0.
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By Hadamard’s lemma the function B contains a factor ε and can therefore be expressed as
B(ε) = εK(ε) for some function K.
The tangent space corresponding to the normal form is
ε[((t2 ± ε)H + 2tA+ (t2 ± 2ε)K].
All monomials in H divisible by εt can be obtained using the function A only with both
K and H zero. Monomials not divisible by t but divisible by ε2 of the form ε2D(t, ε) can be
obtained by setting K = ±D and H = −K. The only remaining monomial (divisible by ε)
needed is ε so for the versal deformation we require the q1 term which is present since generically
f11 6= 0. Therefore the normal form is infinitesimally stable in the space W . 2
11. Wave fronts near the surface
11.1. Wave fronts near the surface in the transversal setting. Recall that the gen-
erating family germ near the surface can be written
F = λ+ q˜3H(t, q1, q2, q˜3)
for some H (see proposition 3.46).
In order to study the wave fronts near surface (λ = 0) we now consider the generating family
germ up to time-space equivalence.
Recall the space W of functions of the type F˜ = λ + q˜3Fθ(t, q1, q2, q˜3) depending on an
auxiliary parameter θ such that ∂F˜θ
∂q˜3
6= 0 at the origin. Also recall lemma 3.47 which states that
if H(t, q1, q2, q˜3) is R+-versally unfolded with respect to q1 and q2 only, then the germ of family
F = λ+ q˜3H is both space-time stable and time-space stable with respect to deformations inside
the space W .
The R+-versality of H with respect to q1 and q2 has already been shown as it is the same
as H from section 8. Therefore the generating family is time-space contact equivalent to one of
the following deformations in parameters λ, q ∈ R× R3:
A˜1 : F = λ+ q˜3(t2 + 1)
A˜2 : F = λ+ q˜3(t3 + q1t+ 1)
A˜3 : F = λ+ q˜3(t4 + q1t2 + q2t+ 1).
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At an A˜2 singularity near λ = 0 the momentary wave front is diffeomorphic to a semi-
cubic cylinder. At an A˜3 singularity near λ = 0 the momentary wave front is diffeomorphic
to a swallowtail. In both instances when λ = 0 the wave front “flattens” and becomes the
surface itself. This effect seems to be a new feature of Legendrian singularities. Generically no
bifurcations can occur at λ = 0.
11.2. Wave fronts near the surface in the tangential setting. In the case of B̂2
singularities the generating family is of the form −q3 + ε(t2 ± ε + q1) which is time-space
equivalent to −q3+ε(t2+ q˜1). The equidistant is smooth and intersects the surface transversally
but as λ→ 0 the equidistant rotates about the q2 axis and coincides with M .
Similarly in the case of B̂3 singularities the generating family is of the form −q3+ ε(t2± ε2)
which is also time-space equivalent to −q3 + ε(t2 + q˜1) so again the equidistant is smooth and
intersects the surface transversally but as λ → 0 the equidistant rotates about the q2 axis and
coincides with M .
In the case of Ĉ3 the generating family is of the form −q3 + ε(t3 ± ε) and in order to be
versal we require the deformation −q3 + ε(t3 + ε± εt+ q2t+ q1) which is time-space equivalent
to −q3 + ε(t3 + q2t+ q˜1). So in the case of Ĉ3 the affine equidistants are each diffeomorphic to
a cuspidal edge but as λ→ 0 the singularity disappears, being multiplied by a factor of ε.
12. Appendix to Chapter 3
Since we are interested in the generic singularities of the Minkowski set we must find the
number of arbitrary conditions that can be imposed on the derivatives of surface and curve such
that the resulting Minkowski set remains stable.
Lemma 3.56. A pair consisting of a curve germ and a surface germ for which there exists
a common normal in the transversal adapted coordinates is generic if and only if up to two
conditions are imposed on its jet space.
Definition 3.57. A collection of open embedded submanifolds Xi ⊂ Rn are called strata,
if they satisfy the boundary condition of closure X¯i of each stratum is a collection of strata of
lower dimension and Xi itself.
Definition 3.58. Let X and Y be two disjoint locally closed submanifolds of Rn, of di-
mensions i and j such that Y ⊂ X. X and Y satisfy the first Whitney condition if whenever
a sequence of points x1, x2, ... in X converges to a point y in Y , and the sequence of tangent
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i-planes Tm to X at the points xm converges to an i-plane T as m tends to infinity, then T
contains the tangent j-plane to Y at y.
Proof of lemma 3.56. Denote by Jk the product of the space of k-jets of embeddings
i : R 7→ R3 of a curve and the space of embeddings j : R2 7→ R3 of a surface into three space
equipped with a distinguished coordinate system. Denote by Sk ⊂ Jk the subspace consisting
of k-jets of embeddings of curves and surfaces which are adapted with respect to this coordinate
system: the curve germ passes through the origin and is tangent to the x-axis; the surface germ
contains the point (0, 0,−1) and the tangent plane at this point is parallel to the xy-coordinate
plane.
Assume the space Sk has some stratification F satisfying the first Whitney condition.
Consider the Lie group A(3,R) of affine transformations in 3-space which is given by R3 ⋊
GL(3,R) and has dimension 12. An element of A(3,R) sends the vector v to the product of v
by a non-degenerate matrix plus some constant vector.
This group acts naturally on the space Jk. Denote by Ik the orbit of the space Sk under this
action, that is the set of jets of all parallel pairs. Clearly, Ik inherits a Whitney stratification
F ′ from the stratification F . Each new stratum is the product of a stratum of F and the
nine-dimensional quotient space A12/P3, where P3 is the stationary subgroup of jets from S
1.
This means that a transformation p ∈ P3 preserves the adapted embeddings: the origin is
not shifted, the z-axis must remain the same, the x-axis can be stretched and the y-axis can
be both stretched and tilted in xy-plane. The subgroup P3 consists of the multiplication by
matrices of the form  p11 p12 00 p22 0
0 0 1
 .
Recall Rene Thom’s strong transversality theorem (see [4]):
Theorem 3.59. (Thom) Let U be a closed manifold and C a closed submanifold of the
space Jk(U, V ) of k-jets of smooth mappings from U to a manifold V . Then the set of mappings
f : U 7→ V , whose k-jet extensions are transversal to C, is an open everywhere dense set in the
space of all smooth mappings from U to V equipped with C∞-topology.
Remark. The theorem means that by a small deformation of a smooth map it is possible to
put it into a general position not only with respect to an arbitrary submanifold in the target
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space but also with respect to an arbitrary condition placed on the derivatives up to some finite
order.
Thom’s theorem implies the following:
Proposition 3.60. Embeddings of a closed curve and a surface in R3 whose k-jet extension
is transversal to the stratification F ′ form an open and everywhere dense subset in the space of
all embeddings.
Corollary 3.61. The jets of a generic curve and a surface at the base points of any chord
being reduced to the adapted form do not belong to the strata of codimension greater than 2 in
the stratification F of the space Sk.
In fact the dimension of the source space of the pair of embeddings i, j is 3. The subspace
Ik has codimension 1 in Jk therefore if a stratum of F has codimension greater than 2 in Sk
then the respective stratum of F ′ has codimension greater than 3 in Jk. Which completes the
proof of lemma 3.56. 2
Corollary 3.62. Since chords in the tangential setting require the additional condition that
the chord lies in the tangent plane to the surface, the jets of a generic curve and a surface at
the base points of any chord in the tangential setting do not belong to the strata of codimension
greater than 1 in the stratification F of the space Sk. Similarly, jets of a generic curve and a
surface at the base points of any chord in the supertangential setting do not belong to the strata
of codimension greater than 0 in F .
CHAPTER 4
Surfaces in four space
In this chapter we classify generic singularities of the Minkowski set and generic singularities
of bifurcations of affine wave fronts for two surfaces in R4.
1. Definitions and Main Results
Given two smooth surface germs M and N in R4 consider pairs of points (a, b) where a ∈M
and b ∈ N , a 6= b and TaM and TbN are not in general position, i.e. their corresponding linear
spaces are contained in a hyperplane.
A chord l(a, b), for such a pair (a, b), is the straight line passing through both a and b:
l(a, b) = {q ∈ R3 | q = λa+ µb, λ ∈ R, µ ∈ R, λ+ µ = 1}
A germ of the affine (λ, µ)-equidistant Eλ of the pair (M,N) is the set of points q ∈ R4 such
that q = λa + µb for given λ, µ ∈ R with λ + µ = 1 and for all chords l(a, b) close to (a0, b0).
Note that E0 is the germ of M at a0 and E1 is the germ of N at b0. We recall definitions from
chapter 2 for this situation.
The space R5e = R×R4 with coordinate λ ∈ R (affine time), on the first factor is called the
extended affine space. Denote by ρ : (λ, q) 7→ λ the projection of R5e onto the first factor and by
π : (λ, q) 7→ q the projection onto the second factor.
The affine extended wave front W (M,N) of the pair M,N is the union of all affine equidis-
tants each embedded into its own slice of the extended affine space:
W (M,N) = {(λ,Eλ)} ⊂ R5e.
Recall that the Minkowski set is the image under π of the locus of the critical points of the
restriction πr = π|W (M,N) and coincides with the envelope of the family of chords. See chapter
2 section 1.
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In the generic setting the study of the centre symmetry (Minkowski) set of two surface
germs near a distinguished chord splits into five distinct sub-cases: transversal, non-transversal,
tangential, bitangential, and parallel (see the list on page 19 and figure 4 of chapter 2).
The main results of this chapter are the following theorems:
Theorem 4.1. In the transversal case outside M and N the germ at any point of the
Minkowski set for generic germs M and N is diffeomorphic to one of the standard caustics of
Ak type with k = 2, 3, 4 or 5 (regular surface, cuspidal edge, swallowtail or butterfly)
Theorem 4.2. In the transversal case away from M and N bifurcations of families of
momentary wave fronts are diffeomorphic to the standard bifurcations of Ak singularities for
k = 2, 3 and 4 (the only non-trivial ones being butterfly beaks, butterfly lips and wigwam).
Theorem 4.3. In the non-transversal case outside M and N the germ at any point of the
Minkowski set for generic N and M is diffeomorphic to either one of the standard caustics of
the boundary singularities of the types B2, B3, B4, B5, C3, C4, C5 or F4 or it is diffeomorphic
to the caustic of one of the non-simple singularities of the type F1,0 or K4,2:
F1,0 : F = t3 + a(q)tε2 + ε3 + q1t+ q2ε+ q3εt+ q4, 4a(0)3 6= −27
K4,2 : F = t4 + b(q)t2ε+ ε2 + q1t2 + q2tε+ q3t+ q4, b(0)2 6= 4.
Theorem 4.4. In the tangential case outside M and N the germ at any point of the
Minkowski set for generic N and M is diffeomorphic to one of the standard caustics of the
boundary singularities of the types B2, B3, B4, C3, C4, or F4.
Theorem 4.5. In the bitangential case outside M and N the germ at any point of the
Minkowski set for generic N and M is diffeomorphic to one of the standard caustics of the
boundary singularities of the types B2, B3 or C3.
Theorem 4.6. In the parallel case outside M and N the germ at any point of the Minkowski
set for generic N and M is diffeomorphic to one of the caustics of the singularities of the types
Ĉ±2, 2, C˜2, 2, Ĉ2, 3 or C˜2, 3.
Some standard singularity theory techniques of families of functions depending on param-
eters will be applied below to study the Minkowski set and the affine extended wave front
W (M,N). We use the standard notions of space-time contact and time-space contact equiv-
alence for families of functions with parameters λ, q. If the underlying diffeomorphism of the
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parameter space λ, q preserves the projection π then we get space-time contact equivalence see
chapter 2, definition 2.5. Similarly if the projection ρ is preserved then we get time-space con-
tact equivalence see chapter 2, definition 2.6. More details can be found in [4], [15], [16] and
[14].
2. The Minkowski set in the transversal setting
In the transversal case up to an appropriate affine transformation of R4 we can always
assume that in some coordinate system (x, y, w, z) the base parallel pair a0, b0 coincides with
the pair of points (0, 0, 0,−1), (0, 0, 0, 0), the tangent plane to the surface M at a0 is parallel
to the (x, y)-coordinate plane, and the tangent plane to the surface N at b0 coincides with the
(y, w)-plane.
In these coordinates the surface germ M,a0 is the shifted graph
M = {(x, y, w, z)|, w = f(x, y), z = g(x, y)− 1}
and similarly the germ N, b0 is given by
N = {(u, t, s, v)|, u = r(t, s), v = p(t, s)}
where the functions f, g, r and p all have vanishing 1-jets at the origin.
Denote by r1 the embedding with the image M of some neighbourhood U of the origin in
R
2
r1 : U → R4, r1 : (x, y) 7→ (x, y, f(x, y), g(x, y)− 1).
Denote by r2 the embedding with the image N of some neighbourhood V of the origin in R
2
r2 : V → R4, r2 : (t, s) 7→ (r(s, t), t, s, p(t, s)).
Consider the following family F of functions in variables n ∈ (R4)∧ \ 0, (s, t) ∈ V ⊂ R2
and (x, y) ∈ U ⊂ R2, and parameters (λ, q) ∈ R× R4 of the form
F(n, t, s, x, y, λ, q) = 〈λr1(x, y) + µr2(s, t)− q, n〉
where 〈, 〉 is the standard pairing of vectors in R4 with covectors n from the dual space (R4)∧.
Recall that the wave front W (F) of a family of functions F depending on parameters is
the set of parameter values which correspond to the appearance of a critical point at the zero
level set of the function [3]. In this setting the wave front W (F) is defined by the Legendre
conditions:
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F = 0, ∂F
∂n
= 0,
∂F
∂t
=
∂F
∂s
= 0,
∂F
∂x
=
∂F
∂y
= 0.
Proposition 4.7. (Chapter 2, Proposition 2.1) The wave front W (F) coincides with the
affine extended wave front W (M,N) plus two components M and N themselves.
Recall that stably-equivalent families (see chapter 2 definition 2.7) have the same bifurcation
sets and wave fronts. The next proposition permits us to replace the family F by a stably-
equivalent family of fewer variables Φ(t, λ, q).
The points of the base chord l(a0, b0) correspond to the germ of F at the points with
q1 = q2 = q3 = x = y = t = s = 0 and arbitrary values of q4 = −µ. Denote by
S0 = {n = (0, 0, 0, n4), n4 = 1, x = y = s = t = 0, q1 = q2 = q3 = 0, λ = λ0 6= 0, 1}
the q4 line belonging to the space
((R4)∧ \ 0)× R2 × R2 × R4 × R = {(n, x, y, s, t, q, λ)}.
Consider the following family of functions in t with parameters λ and q
Φ(t, λ, q) = λ(g(x˜, y˜)− 1) + µ
[
p
(
q3 − λf(x˜, y˜)
µ
, t
)]
− q4(2.1)
where
y˜(t, λ, q) =
q2 − µt
λ
and x˜ and s˜ are solutions of the system of equations:
x˜(t, λ, q) =
q1 − µr(s˜(t, λ, q), t)
λ
, s˜(t, λ, q) =
q3 − λf(x˜(t, λ, q), y˜(t, λ, q))
µ
.
Proposition 4.8. The germ of the family F at the set S0 is stably-equivalent to the product
of the family Φ germ at the subset
Ŝ0 = {t = 0, q1 = q2 = q3 = 0} ⊂ R× R4 × R
with a function without zeros at S0.
Proof. Writing the family F in the coordinate form we get
F = An1 + Bn2 + Cn3 +Dn4
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where
A = λx+ µr(s, t)− q1
B = λy + µt− q2
C = λf(x, y) + µs− q3
D = λ(g(x, y)− 1) + µp(s, t)− q4.
For 1 6= µ 6= 0 the functions A,B and C are regular with respect to x, y and s. They can be
chosen as the coordinate functions instead of x, y and s respectively. In particular we can write
x =
A+ q1 − µr(s, t)
λ
, y =
B + q2 − µt
λ
and s =
C + q3 − λf(x, y)
µ
.
So in the new coordinates we have F = An1 + Bn2 + Cn3 +D(A,B,C, t, λ, q)n4 where the
function D does not depend on n1 n2 and n3.
By the Hadamard lemma the function D can be written
D(A,B,C, t, λ, q) = D(0, 0, 0, t, λ, q) + Aϕ1 +Bϕ2 + Cϕ3,
for some smooth functions ϕ1, ϕ2 and ϕ3 in variables A,B,C, t, λ and q which vanish at the
origin.
Now the function F takes the form F = A(n1 + ϕ1n4) + B(n2 + ϕ2n4) + C(n3 + ϕ3n4) +
n4D(0, 0, 0, t, λ, q) where the first three terms represent non degenerate quadratic forms in the
independent variables A, (n1 + ϕ1n4), B, (n2 + ϕ2n4) and C, (n3 + ϕ3n4) in the vicinity of the
subset S0. Therefore the function F is stably-equivalent to the function F˜ = n4D(0, 0, 0, t, λ, q)
being the restriction of the function D to the subspace A = B = C = 0. Since n4 is nonzero we
can divide by n4 to give Φ =
F˜
n4
= D(0, 0, 0, t, λ, q). 2
The following proposition together with explicit calculations from the normal form will prove
theorem 4.1.
Proposition 4.9. For generic pair of M and N at any point q of any chord (a0, b0) except
the points a0 and b0 themselves (λ = 0 or µ = 0) the germ of the respective generating fam-
ily Φ is space-time-contact-equivalent to one of the standard versal deformations in parameters
(λ, q) ∈ R×R4 of the function germs at the origin in the variable t of the type Ak for k = 1, ..., 5
as follows:
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A1 : Φ = t
2 + λ
A2 : Φ = t
3 + q1t+ λ
A3 : Φ = t
4 + q2t
2 + q1t+ λ
A4 : Φ = t
5 + q3t
3 + q2t
2 + q1t+ λ
A5 : Φ = t
6 + q4t
4 + q3t
3 + q2t
2 + q1t+ λ
The proposition implies the following
Corollary 4.10. For a generic pair of a surfaces the germ at any point of the Minkowski
set is diffeomorphic to one of the Ak caustics for some k = 2, 3, 4, 5. The germ at any point of
the extended wave front is diffeomorphic to the Ak bifurcation diagram for some k = 1, 2, 3, 4 or
5.
Remark. In the case A1 : Φ = t
2 + λ = 0 the extended wave front germ is regular and
the caustic is empty. For A2 : Φ = t
3 + q1t + λ the extended wave front is diffeomorphic
to the product of a semi-cubic cusp with 3-dimensional space whilst the caustic is a smooth
3-dimensional surface. For the case A3 : Φ = t
4 + q2t
2 + q1t + λ the extended wave front is
diffeomorphic to the product of a swallowtail with a 2-dimensional space and the caustic is
diffeomorphic to the product of a semi-cubic cusp with a 2-dimensional space. For the case
A4 : Φ = t
5 + q3t
3 + q2t
2 + q1t + λ the extended wave front is diffeomorphic to the product of
a butterfly with a line and the caustic is diffeomorphic to the product of a swallowtail with a
line. Finally, for the case A5 : Φ = t
6 + q4t
4 + q3t
3 + q2t
2 + q1t + λ the extended wave front is
diffeomorphic to the standard wigwam and the caustic is diffeomorphic to a butterfly.
We now proceed by expanding the generating family in order to determine the generic
singularity types of the Minkowski set.
Denote by f(x, y) =
∑
i+j≥2
fijx
iyj the Taylor decomposition of the function germ f at the
origin and introduce similar notations for the g, p and r germs.
Decomposing the generating family Φ(t, λ, q) as a power series in t as Φ =
∑
k Φkt
k for some
functions Φk, gives the first few terms as:
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Φ0 = −λ− q4,
Φ1 = p11q3 − 2µ
λ
g02q2 − µ
λ
g11q1,
Φ2 =
(
−2µ
λ
g20r02 +
µ
λ
(p11f11 +
µ
λ
g12)
)
q1 +
µ
λ
(
2p11f02 + 3g03
µ
λ
− g11r02
)
q2
+µp02 + g02µ
µ
λ
+ (p12 − 2µ
λ
p20f02 +
µ
λ
g11r11)q3,
Φ3 = µp03 − g03µ
3
λ2
− µ
2p11f02
λ
+
g11µ
2r02
λ
+
(
g11µ
2r11f11
λ2
+ 2
g20µ
2r11f02
λ2
+ 2
µr02p11f20
λ
+2
µ2r02g21
λ2
− g13µ
3
λ3
− 2µ
2p20f02f11
λ2
− µ
2p11f12
λ2
+
µp12f11
λ
− 2g20µr03
λ
)
q1
+
(
2
µ2r02g12
λ2
− 4g04µ
3
λ3
− 4µ
2p20f02
2
λ2
− g11µr03
λ
+
µr02p11f11
λ
− 3µ
2p11f03
λ2
+2
µp12f02
λ
+ 3
g11µ
2r11f02
λ2
)
q2 +
(
2
µ2p20f03
λ2
− 2µp21f02
λ
− 2g11µ
2r20f02
λ2
+
g11µr12
λ
+ 2
g20µr02r11
λ
− µ
2r11g12
λ2
− µr11p11f11
λ
+ p13 − 2p20f11µ r02
λ
)
q3.
Decompose the organising centre h(t, λ) = Φ|q1=q2=q3=0 as a power series in t as h =∑
k=0 hkt
k for some functions hk to give the first few terms:
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h0 = −λ− q4
h1 = 0
h2 = µ
(µ
λ
g02 + p02
)
h3 = µ
(
−g03µ
2
λ2
+ p03 − µ
λ
p11f02 +
µ
λ
g11r02
)
h4 = µp04 + g04
µ4
λ3
+
µ3
λ2
p20f
2
02 +
µ3
λ2
p11f03 + g20
µ2
λ
r202 −
µ2
λ
r02p11f11 − µ
2
λ
p12f02 + g11
µ2
λ
r03 − µ
3
λ2
r02g12 − g11µ
3
λ2
r11f02
h5 = µp05 − g05µ
5
λ4
+ g11
µ2
λ
r04 + 2g20
µ2
λ
r02r03 + g11r20
µ4
λ3
f 202 + g11
µ4
λ3
r11f03
−µ
2
λ
p13f02 +
µ3
λ2
p12f03 − µ
4
λ3
p11f04 +
µ3
λ2
f02r11p11f11 − 2µ
3
λ2
f02g20r02r11
+2
µ3
λ2
r02p20f02f11 − 2µ
4
λ3
f02p20f03 − µ
2
λ
r202p11f20 −
µ2
λ
r03p11f11
+
µ4
λ3
f02r11g12 − µ
3
λ2
f02g11r12 +
µ3
λ2
r02p11f12 − µ
2
λ
r02p12f11 +
µ3
λ2
f 202p21
−µ
3
λ2
r202g21 −
µ3
λ2
r03g12 +
µ4
λ3
r02g13 − g11µ
3
λ2
r11f11r02
h6 = µp06 +
µ2
λ
(g11p05 − r04p11f11 + 2g20r02r04 − r202p12f20 − r03p12f11 − p14f02
+g20r
2
03 − r02p13f11 − 2r02r03p11f20) +
µ3
λ2
r02p12f12 − g30r302
+2f02r02r11p11f20 − g11r11f11r03 − 2r02r03g21 − f02g11r13 + r202p11f21 − r04g12
+r202p20f
2
11 + p22f
2
02 + r03p11f12 − g11r11f20r202 − r02f11g11r12
−2r202f11g20r11 + 2r202p20f02f20 + 2r03p20f02f11 + r02r11p11f 211 + f02r12p11f11
−2f02g20r02r12 − 2f02g20r03r11 + f02r11p12f11 + p13f03 + 2r02f11p21f02)
+
µ4
λ3
(2r02g11r20f11f02 − 2p21f03f02 + f 202g20r211 + f 202g11r21 + f03g11r12
+f02r12g12 − r02p11f13 − p30f 302 − 2r02f11p20f03 − 2r02p20f02f12 + r02g11r11f12
+r02f11r11g12 − f 202r20p11f11 + r202g22 + r03g13 + 2f 202g20r02r20 − f03r11p11f11
+2f03g20r02r11 − f02r11p11f12 − 2f 202r11p20f11 + 2f02r02r11g21 + g11r211f11f02 − p12f04)
+
µ5
λ4
(2p20f02f04 − f 202r20g12 − f03r11g12 − f02r11g13 − g11r11f04 − r02g14
+p20f
2
03 + p11f05 − 2g11r20f03f02) +
µ6
λ5
g06.
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2.1. Recognition of singularities in the transversal setting. The organising centre
h(t) has singularity type Ak at a chord point t = 0, λ = λ0, if h0, . . . , hk are vanishing at this
point but hk+1 is not.
The points of types Ak for k ≥ 2 belong to the caustic. So a point m0 belongs to the caustic
if and only if q4 = −λ0 and h2 = µ
(
µ
λ
g02 + p02
)
= 0. In particular the singularity A2 occurs
when h2 = 0 and h3 6= 0.
Since we assume λ 6= 0, 1 (away from the surface), the caustic meets the base chord at the
point µ0
λ0
= −p02
g02
. When p02 = 0 the caustic at m0 coincides with a, when g02 = 0 the caustic
point is at b.
Note that the ratio of g02 and p02 is well defined in the affine setting. The affine projection
of the surfaces M and N along the space TaM
⊕
TbN to the direction of the chord defines
quadratic forms on M and N . The ratio of the values of these forms on a vector of direction
shared by TaM and TbN is exactly the required ratio.
Remark. The case of two surfaces in R4 is similar to the curve and surface case in that most
chords contain one caustic point. Compare this with two surfaces in three space ([15], [16])
in which most chords contain 2 or 0 caustic points. Chord in which the two caustic points
come together correspond to the D±4 singularity for two surfaces in R
3. This explains why D±4
singularities are absent from the Minkowski set in both curve and surface and in the two surfaces
in four space cases.
The singularity at m0 is of the type A2 unless p03 = g03
p202
g202
− p11f02 p02g02 + g11r02
p02
g02
in which
case it is more degenerate. If the additional condition
p04 = −µ
3
λ3
g04 − µ
2
λ2
f 202p20 −
µ2
λ2
f03p11 +
µ2
λ2
g12r02 +
µ2
λ2
f02g11r11
+
µ
λ
f02p12 − µ
λ
g11r03 − µ
λ
g20r
2
02 +
µ
λ
f11r02p11
holds then the singularity at m0 is of type A4 unless the condition
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p05 =
µ4
λ4
g05 − µ
3
λ3
g13r02 − µ
3
λ3
f02g12r11 − µ
3
λ3
f 202g11r20 −
µ3
λ3
f03g11r11
+
µ3
λ3
f04p11 + 2
µ3
λ3
f02f03p20 − µ
2
λ2
f03p12 − µ
2
λ2
f 202p21 +
µ2
λ2
g21r
2
02
−2µ
2
λ2
f11f02r02p20 +
µ2
λ2
f02g11r12 − µ
2
λ2
f12r02p11 − µ
2
λ2
f11f02r11p11
+2
µ2
λ2
f02g20r02r11 +
µ2
λ2
g12r03 +
µ2
λ2
f11g11r11r02 − 2µ
λ
g20r02r03
−µ
λ
g11r04 +
µ
λ
f11r03p11 +
µ
λ
f11r02p12 +
µ
λ
f20r
2
02p11 +
µ
λ
f02p13
also holds in which case the singularity is of type A5. Generically higher singularities are
excluded by the transversality theorem. So the generic caustic is a 3-dimensional variety con-
taining two dimensional cuspidal edges, lines of swallowtails and isolated butterfly points and
their mutual transversal intersections.
If p02 = g02 6= 0 then the base chord contains no caustic points (when λµ → −1 then
the caustic point runs off to infinity). If both coefficients vanish (called the flattening case)
then the whole chord belongs to the caustic. In this case, generically, there are up to two
A3 singularities on the chord at the solutions of h3 = 0 being a quadratic equation in λ;
(g03 − p03 − p11f02 + g11r02)λ2 + (p11f02 − 2g03 − g11r02)λ + g03 = 0. It is possible that the
solutions can be complex or they can merge together at isolated points when additionally
p11
2f02
2 − 2p11f02r02g11 + r022g112 + 4g03p03 = 0. All the other points on the chord are A2
type (smooth components of the caustic).
2.2. Versality of singularities in the transversal setting. As in the case of a curve
and surface, we use lemma 3.16 which uses the property ∂F
∂λ
6= 0 to show that the conditions for
infinitesimal space-time contact versality coincide with the more standard (right) infinitesimal
versality.
The jet matrix for the family of functions Φ shall be denoted M5 and notice that matrices
Mj for j ≤ 5 consist of the first j rows of M5.
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M5 =

∂Φ
∂λ
∂Φ
∂q1
∂Φ
∂q2
∂Φ
∂q3
∂Φ
∂q4
∂2Φ
∂λ∂t
∂2Φ
∂q1∂t
∂2Φ
∂q2∂t
∂2Φ
∂q3∂t
∂2Φ
∂q4∂t
∂3Φ
∂λ∂t2
∂3Φ
∂q1∂t2
∂3Φ
∂q2∂t2
∂3Φ
∂q3∂t2
∂3Φ
∂q4∂t2
∂4Φ
∂λ∂t3
∂4Φ
∂q1∂t3
∂4Φ
∂q2∂t3
∂4Φ
∂q3∂t3
∂4Φ
∂q4∂t3
∂5Φ
∂λ∂t4
∂5Φ
∂q1∂t4
∂5Φ
∂q2∂t4
∂5Φ
∂q3∂t4
∂5Φ
∂q4∂t4

Versality of singularities of the type A2
To be versal we require the first two rows of the matrix M to have maximal rank of 2.
Multiplying columns 2 and 3 by λ
µ
the first two rows are
M2 =
(
−1 0 0 0 −1
0 −g11 −2g02 p11 0
)
For the matrix to be of rank less than two we require g11 = g02 = p11 = 0. Recall that the
A2 singularity occurs if λ =
g02
r02−g02
. The condition g02 = 0, r02 6= 0 implies that the caustic
point lies on the surface N but here we assume λ 6= 0, 1. Therefore away from the surface N the
singularities of type A2 are versally unfolded. The conditions g02 = r02 = g11 = p11 = 0 provide
a non-generic situation so A2 singularities are generically versally unfolded.
Versality of singularities of the type A3
To be versal we require the first three rows of the matrix M to have maximal rank of 3.
After multiplying columns 2 and 3 by λ
µ
the first three rows are


−1 0 0 0 −1
0 −g11 −2g02 p11 0
2(−p02 − 2g02
(1−λc)
λc
− g02
(1−λc)
2
λ2
c
) −2g20r02 + p11f11 +
µc
λc
g12 2p11f02 + 3g03
µc
λc
− g11r02 p12 − 2
µc
λc
p20f02 +
µc
λc
g11r11 0


The vanishing of all the 3×3 minors require a non-generic situation. This can be seen by the
fact that each column in the matrix is independent because each column contains a coefficient
that does not occur in any other. Clearly the bottom two rows are independent as the bottom
row contains terms that the middle does not. Therefore A3 singularities are generically versally
unfolded. 2
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Versality of singularities of the type A4
To be versal we require the first four rows of the matrix M to have maximal rank of 4.
The first 3 rows are of course the same as in the previous matrix and the fourth row (up to
a nonzero factor) is made up of the entries:
∂Φ3
∂q1
= −µ
3
λ3
g13 − µ
2
λ2
p11f12 +
µ
λ
p12f11 + 2
µ2
λ2
r02g21 − 2µ
λ
g20r03 +
µ2
λ2
g11r11f11
+2
µ
λ
r02p11f20 − 2µ
2
λ2
p20f02f11 + 2
µ2
λ2
g20r11f02
∂Φ3
∂q2
= −4µ
3
λ3
g04 − µ
λ
g11r03 − 4µ
2
λ2
p20f
2
02 + 2
µ2
λ2
r02g12 − 3µ
2
λ2
p11f03 + 2
µ
λ
p12f02
+
µ
λ
r02p11f11 + 3
µ2
λ2
g11r11f02
∂Φ3
∂q3
= −r11g12µ
2
λ2
+
µ
λ
g11r12 − 2µ
λ
p21f02 + 2
µ2
λ2
p20f03 − µ
λ
r11p11f11 − 2p20f11µ
λ
r02
−2g11r20µ
2
λ2
f02 + 2
µ
λ
g20r02r11 + p13
∂Φ3
∂q4
= 0
∂Φ3
∂λ
=
(1− λ)
λ
(2p11f02 − 2g11r02) + (1− λ)
2
λ2
(−p03 + 3g03 + p11f02 − g11r02) + 2g03 (1− λ)
3
λ3
.
The vanishing of all the 4×4 minors require a non-generic situation. This can be seen by the
fact that each column in the matrix is independent because each column contains a coefficient
that does not occur in any other. Clearly the bottom two rows are independent as the bottom
contains terms not found in the other rows. Therefore, A4 singularities are generically versally
unfolded. 2
Versality of singularities of the type A5
For A5 singularities to be versal we require the matrix to have nonzero determinant. The
final row consists of the entries:
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∂Φ4
∂q1
= −µ
λ
p12f12 + µ
2λ2p11f13 − 2µ
2
λ2
r02g22 + 2
µ
λ
r03g21 + 3
µ
λ
g30r
2
02 + 2r02p12f20
+2r03p11f20 + 2
µ
λ
g11r11f20r02 + 4
µ
λ
g20r11f11r02 − 4µ
λ
r02p20f02f20
−2µ
λ
f02r11p11f20 − 2µ
2
λ2
g11r20f11f02 +
µ3
λ3
g14 − 2g20r04 + p13f11
−2µ
2
λ2
g20r11f03 + 2
µ2
λ2
p20f02f12 + 2
µ2
λ2
f11p20f03 − 2µ
λ
f11p21f02 + 2
µ
λ
f02g20r12
−2µ
2
λ2
f02r11g21 − 2µ
λ
r02p20f
2
11 − 2
µ
λ
r02p11f21 − 2µ
2
λ2
g20r20f
2
02 +
µ
λ
f11g11r12
−µ
2
λ2
f11r11g12 − µ
λ
r11p11f
2
11 −
µ2
λ2
g11r11f12
∂Φ4
∂q2
= 5
µ3
λ3
g05 +
µ
λ
g21r
2
02 − g11r04 − 3
µ2
λ2
r02g13 + 4
µ2
λ2
p11f04 − 4µ
λ
f 202p21
+2
µ
λ
r03g12 − 3µ
λ
p12f03 + 2p13f02 + r02p12f11 + r03p11f11 − 2µ
λ
r02p11f12
−4µ
2
λ2
g11r11f03 − 4µ
2
λ2
f02r11g12 + 3
µ
λ
f02g11r12 + 10
µ2
λ2
f02p20f03 + 2
µ
λ
g11r11f11r02
−5µ
2
λ2
g11r20f
2
02 − 6
µ
λ
r02p20f02f11 − 3µ
λ
f02r11p11f11 + 4
µ
λ
f02g20r02r11
∂Φ4
∂q3
= p14 + r11g13
µ3
λ3
+
µ
λ
g11r13 − r12g12µ
2
λ2
− 2µ3p20f04µ
3
λ3
− 2µ
λ
p22f02 + 2p21f03
µ2
λ2
+3p30f
2
02
µ2
λ2
+ r11p11f12
µ2
λ2
− r11p12f11µ
λ
− r12p11f11µ
λ
− g11r211f11
µ2
λ2
+2g11r20f03
µ3
λ3
− 2p20f20r202
µ
λ
− 2p20f11r03µ
λ
− 2r02r11g21µ
2
λ2
+ 2g20r02r12
µ
λ
+2g20r03r11
µ
λ
+ 2r02p20f12
µ2
λ2
− 2r02p21f11µ
λ
− 2f02g11r21µ
2
λ2
− 2f02g20r211
µ2
λ2
+2f02r20g12
µ3
λ3
+ 4p20f11r11f02
µ2
λ2
− 2g11r20f11r02µ
2
λ2
− 2r02r11p11f20µ
λ
+2f02r20p11f11
µ2
λ2
− 4f02g20r02r20µ
2
λ2
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∂Φ4
∂λ
= −p04 − 2g11r03µ
λ
+ 3r02g12
µ2
λ2
− g211r03
µ2
λ2
+ 2r02g12
µ3
λ3
− g220r202
µ2
λ2
−2p20f 202
µ3
λ3
+ p12f02
µ2
λ2
− 2p11f03µ
3
λ3
+ 2r02p11f11
µ
λ
+ 3g211r11f02
µ2
λ2
−2g20r202
µ
λ
− 32p20f 202
µ2
λ2
+ 2p12f02
µ
λ
− 3g404
µ4
λ4
−32p11f03µ
2
λ2
− 4g304
µ3
λ3
+ 2g311r11f02
µ3
λ3
+ r02p11f
2
11
µ2
λ2
The necessary conditions for an A5 singularity together with vanishing of the determinant
M5 provides a non generic situation. Therefore we have shown that all the possible singularity
types are generically versally unfolded. This completes the proof of theorem 4.9 2.
2.3. Calculations from the normal forms. The normal forms for the singularities A2, A3
and A4 are the same as in the case of a curve and surface (see section 2.6 of chapter 3). Since
q4 is absent from these forms its values is arbitrary. The image of the caustic in this case is the
same as in section 2.6 of chapter 3 except that they are multiplied by a line and exist in the
space (q1, q2, q3, q4).
Normal form for A5
For an A5 singularity the normal form, dropping the tilde notation, is
Φ = t6 + q4t
4 + q3t
3 + q2t
2 + q1t+ λ.
So the caustic is the variety in the q space which is given by the zero level set of the equations Φ =
t6+q4t
4+q3t
3+q2t
2+q1t+λ,
∂Φ
∂t
= 6t5+4q4t
3+3q3t
2+2q2t+q1 and
∂2Φ
∂t2
= 30t4+12q4t
2+6q3t+2q2.
Solving this system of equations gives
(q1, q2, q3, q4) = (24t
5 + 8q4t
3 + 3q3t
2,−15t4 − 6q4t2 − 3q3t, q3, q4)
which has is a butterfly.
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3. Wave fronts for two surfaces in four space
Two surface piecesM andN , being the image of the embeddings r1(x, y) = (x, y, f(x, y), g(x, y)−
1) and r2(s, t) = (s, t, p(s, t), r(s, t)) respectively, share a common normal if the derivative matrix
1 0 fx gx
0 1 fy gy
1 0 ps rs
0 1 pt rt

has determinant zero. The condition for this is given by psrt− gxfy− rtfx− gyps+ gyfx− ptrs+
rsfy + gxpt = 0. If this is the case we can write one of the rows as a linear combination of the
other three. For example if fy 6= pt we can write Row1 = [Row4−Row2](ps−fx)fy−pt + Row3.
Remark. If fy = pt but gy 6= rt we could write this as Row1 = [Row4−Row2](gx−rs)gy−rt +Row3. If
however fy = pt and gy = rt then we can simply write Row2 = Row4.
Consider the map
π̂(x, y, s, t) 7→ (psrt − gxfy − rtfx − gyps + gyfx − ptrs + rsfy + gxpt)
the zeros of which give precisely the points belonging to M and N such that the tangent planes
share a common normal.
Also consider the equidistant map Êλ : R
4 → R4 given by:
Êλ(x, y, s, t) = [(1−λ)x+λs, (1−λ)y+λt, (1−λ)(f(x, y)+k1)+λp(s, t), (1−λ)(g(x, y)+k2)+λr(s, t)]
with λ ∈ R fixed.
Then the wave front Eλ, the set of points λr1(x, y) + (1 − λ)r2(s, t) for which the tangent
spaces share a common direction, is given by
Eλ = Êλ(π̂
−1(0)).
The following proposition is analogous to the result in [31] for two surfaces in three space. A
similar result is obtained for a curve and a surface in proposition 3.24.
Proposition 4.11. The tangent space at any smooth point of Eλ is parallel to the tangent
spaces on M and N which gave rise to that point. It follows that Eλ is formed as an envelope
of hyperplanes parallel to and at a fixed proportion between pairs of parallel tangent planes on
M and N .
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Proof. Let ρ̂ = (α, β, γ, δ) be a nonzero kernel vector of Jpi the Jacobian matrix of the map
π̂. A tangent vector to Eλ is the image of ρ̂ under the linear map JÊλ :
JEλ ρ̂ =

1− λ 0 λ 0
0 1− λ 0 1− λ
(1− λ)fx (1− λ)fy λps λpt
(1− λ)gx (1− λ)gy λrs λrt


α
β
γ
δ

= (µα + λγ, µβ + λδ, µαfx + µβfy + λγps + λδpt, µαgx + µβgy + λγrs + λδrt) . However in the
set of pairs of points with parallel tangent spaces the condition psrt − gxfy − rtfx − gyps +
gyfx − ptrs + rsfy + gxpt = 0 holds. If fy − pt 6= 0 we can make the substitution Row1 =
[Row4−Row2](ps−fx)
fy−pt
+ Row3. to give
JEλ =
(
µβ − µα
(
ps − fx
fy − pt
))
[0, 1, fy, gy] + (λγ + µα) [1, 0, ps, rs]
+
(
λδ + µα
(
ps − fx
fy − pt
)
+
)
[0, 1, pt, rt].
Similar calculations hold if fy = pt using an appropriate substitution. Clearly JEλ is paral-
lel to the tangent space of both M at (x, y, f(x, y), g(x, y)) and the tangent space of N at
(s, t, p(s, t), r(s, t)). Hence the tangent hyperplane to Eλ is parallel to the tangent spaces at M
and N which gave rise to the point. Any smooth hypersurface is the envelope of its tangent
hyperplanes so it follows that Eλ is formed as an envelope of hyperplanes parallel to and at a
fixed proportion between pairs of parallel tangent hyperplanes on M and N . 2
In [13] it was shown that for two surfaces in R4, there is a strong relation between the centre
symmetry set (Minkowski set) and contact.
For two surfaces M and N sharing a common normal, consider the surface M̂ being the
reflection of M in the midpoint of the chord between M and N . The condition for there to
be a caustic point for λ = 1
2
on the chord, i.e. a singularity on the half way equidistant (or
Wigner caustic) of at least A2 was shown to coincide with the condition that the contact map
(see below) for the surfaces N and M̂ has at least a cusp singularity.
We now extend this result with the following theorem:
Theorem 4.12. The Minkowski set for transversal chords has a singularity of type Ak at
λ = 1
2
if and only if the contact map has a singularity with normal form (x, y) 7→ (x, yk+1) for
k = 1, ..., 5 (fold, cusp, swallowtail, butterfly and wigwam).
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Proof.
The reflected surfaceM in the point (0, 0,−1
2
) consists of the points ({−x,−y,−f(x, y),−g(x, y)})
and to measure the contact with the surface N at b0 we consider the composite (see [13], [25])
R
2 → R4 → R2
(x, y) → (−x,−y,−f(x, y),−g(x, y))
(u, t, s, v) → (r(t, s)− u, p(t, s)− v).
The composite is the contact map for the chord l(a0, b0):
F : R2 → R2 where F (x, y) = (r(−y,−f(x, y)) + x, p(−y,−f(x, y)) + g(x, y)).
Measuring the contact between two surfaces is now more complicated than it was for the
curve and surface in the previous chapter. Here the contact map is from R2 to R2 so we must
calculate the contact class of the map.
Writing F = (F1, F2), we see that the map has corank 1 since the derivative F1x is nonzero.
The condition for the map to have a fold singularity is that the Jacobian J = F1xF2y − F2xF1y
vanishes at x = y = 0. Since we assume that M and N share a common direction we have
J |x=y=0 = 0, i.e. the contact map has at least a fold singularity, see [13].
The condition that the map F as a cusp singularity is that G = JxF1y − JyF1x = 0.
Substituting yields JxF1y − JyF1x |x=y=0 = −2p02 + 2g02. Note that this coincides with the
condition the Minkowski set has a caustic point at λ = 1
2
, in particular the wave front has a
cusp multiplied by a plane.
Since F1x |x=y=0 = 1 the condition for the map F to have swallowtail singularity is that H =
GxF1y−GyF1x vanishes when x = y = 0. Substituting yields H = 6g11r02−6P03−6g03+6p11f02
which is zero only when the Minkowski set has an A3 singularity at λ =
1
2
.
Since F1x |x=y=0 = 1 the condition for the map F to have butterfly singularity is that C =
HxF1y −HyF1x vanishes when x = y = 0. Substituting yields
C = 24r202g20 − 24r02g12 + 24r02p11f11 − 16r11f11p02 + 16r11f11g02 + 24g11r03 − 24g11r11f02
−24p11f03 + 24g04 − 24p04 − 24p20f 202 + 24p12f02
which is zero only when the Minkowski set to has an A4 singularity at λ =
1
2
.
Finally, the condition that the map has normal form (x, yk+1), that is CxF1y − CyF1x = 0
when x = y = 0, occurs if and only if the Minkowski set has an A5 singularity.
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Just as we did for a curve and surface, see theorem 3.26, the result can be generalised
from taking the central reflection to taking an affinely weighted reflection in any chord point.
Consider the surface M̂µ0 which is the surface M reflected in a given chord point µ0 with ratio
[µ0 : λ0].
Theorem 4.13. The germ of the equidistant Eµ0 has as Ak singularity if and only if the
contact map, being the composite of the maps for the surface N and M̂ , has a singularity with
normal form (x, y) 7→ (x, yk+1) for k = 1, ..., 5 (fold, cusp, swallowtail, butterfly and wigwam).
Proof. The reflected surface M in the point (0, 0,−µ0) with ratio [µ0 : λ0] consists of the
points ({−µ
λ
x,−µ
λ
y,−µ
λ
f(x, y),−µ
λ
g(x, y)}) and to measure its contact with the surface N at b0
we consider the composite (see [13], [25])
R
2 → R4 → R2
(x, y) → (−µ
λ
x,−µ
λ
y,−µ
λ
f(x, y),−µ
λ
g(x, y))
(u, t, s, v) → (r(t, s)− u, p(t, s)− v).
The composite is the contact map for the chord l(a0, b0):
F : R2 → R2 where F (x, y, λ) = (r(−µ
λ
y,−µ
λ
f(x, y)) +
µ
λ
x, p(−µ
λ
y,−µ
λ
f(x, y)) +
µ
λ
g(x, y)).
Writing F = (F1, F2), we see that the map has corank 1 since the derivative F1x is nonzero.
The condition for the map to have a fold singularity is that the Jacobian J = F1xF2y − F2xF1y
vanishes at x = y = 0. Since we assume that M and N share a common direction we have
J |x=y=0 = 0, i.e. the contact map has at least a fold singularity.
The condition that the map F as a cusp singularity is that G = JxF1y − JyF1x = 0.
Substituting yields JxF1y − JyF1x |x=y=0 = 2(p02 + µλg02). Note that this coincides with the
condition the Minkowski set has a caustic point at µ
λ
= p02
g02
, in particular the wave front has a
cusp multiplied by a plane.
The proof now follows exactly the same method as the proof of theorem 4.12 and we see that
the conditions for the contact map to be of the types (x, y) 7→ (x, yk+1) for k = 1, ...5 match up
with the conditions for the generating family to have a singularity of type Ak. 2
3.1. Bifurcations of Momentary Wave Fronts in the Transversal Setting. We con-
sider ρ : w1 = (λ, q) 7→ λ the projection of R× Rn to the first factor.
Theorem 4.14. For generic pair of M and N at any point q of any chord (a0, b0) except the
points a0 and b0 themselves (λ = 0 or µ = 0) the germ of the respective generating family Φ is
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time-space-contact-equivalent to the germ at the origin of one of the following deformations in
parameters (λ, q) ∈ R×R3 of the function germs in the variable t of the type Ak for k = 0, ..., 5:
A1 : Φ = t
2 + q4
A2 : Φ = t
3 + q3t+ q4
A3 : Φ = t
4 + q2t
2 + q3t+ q4
A∗3 : Φ = t
4 + (λ± q21 ± q22)t2 + q3t+ q4
A4 : Φ = t
5 + q1t
3 + q2t
2 + q3t+ q4
A∗4 : Φ = t
5 + (λ± q21)t3 + q2t2 + q3t+ q4
A5 : Φ = t
6 + λt4 + q1t
3 + q2t
2 + q3t+ q4.
Remark. The normal forms for A1, A2, A3 and A4 contain no parameter λ so no metamorphosis
of momentary wave fronts occurs. In the case A1 the wave fronts are regular. For A2 the mo-
mentary wave fronts are diffeomorphic to the product of a semi-cubic cusp with a 2-dimensional
space. For A3 the momentary wave fronts are diffeomorphic to the product of swallowtail with
a line. For A4 the momentary wave fronts are diffeomorphic to a butterfly.
The bifurcations of types A∗3, A
∗
4 and A5 are non-trivial. There are three bifurcations of type
A∗3 which are analogues of two similar types - swallowtail lips and swallowtail beaks - existing in
R
3. The bifurcations of A∗4 type are called either butterfly lips or butterfly beaks and they can
occur at isolated points when momentary wave front at λ = λc is tangent to the codimension
3 caustic stratum: swallowtail. The bifurcation of type A5 determines the standard “wigwam”
metamorphosis (see [27]).
The proof is given by showing that A1, A2 singularities of the generating family are always
versal with respect to q1, q2, q3 and q4 only. The singularities A3 and A4 are either versal or
the necessary conditions for the cases A∗3 and A
∗
4 hold generically. In the case A5 the family is
versal with respect to parameters λ, q1, q2, q3 and q4 and for fixed values of the coordinates q the
fourth order jet in t depends on λ regularly.
In order to show versality we use the same method as in section 3.1: If the deformation Φ is
versal with respect to q only, keeping λ =constant, then it is automatically time-space versal.
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Time-Space Versality of A2
Lemma 4.15. A2 singularities of the extended wave front are always time-space versally
unfolded.
Proof.
In order for the A2 singularities to be versal with respect to q only we require the matrix
M̂2 =
(
o 0 0 −1
−g11 −2g02 p11 0
)
to have maximal rank. Notice that the matrix M̂2 is the same as M2 on page 119 only the first
column here is absent. For the non-flattening case if we only consider caustic points away from
the two surfaces, that is when g02 6= 0 and p02 6= 0, then the matrix always has maximal rank
so the A2 points are versally unfolded with respect to q only, hence they are time-space versally
unfolded.
For the non-flattening case generically at least one of p11 or g11 is nonzero. Therefore the
A2 points are generically versal with respect to q only, hence they are generically time-space
versally unfolded. 2
Time-Space Versality of A3 and A
∗
3
Lemma 4.16. The singularity A3 is versally unfolded and bifurcations of type A
∗
3 can occur
at isolated points in the non-flattening case.
Proof.
For an A3 point to occur the conditions
λc =
g02
p02 − g02
and
p03 = g03
µ2
λ2
+
µ
λ
p11f02 − µ
λ
g11r02
need to be satisfied. For the A3 type point to be versal the matrix
M̂3 =
 0 0 0 −1−g11 −2g02 p11 0
−2g20r02 + p11f11 + µcλc g12 2p11f02 + 3g03
µc
λc
− g11r02 p12 − 2µcλc p20f02 +
µc
λc
g11r11 0

must have maximal rank of 3.
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Substituting the conditions for an A3 singularity into the matrix this is equivalent to the
determinants of the three minors being zero:
−g11
(
2p11f02 + 3g03
µc
λc
− g11r02
)
+ 2g02
(
p11f11 − 2g20r02 + µc
λc
g12
)
= 0
−g11
(
p12 − 2µc
λc
p20f02 +
µc
λc
g11r11
)
− p11
(
p11f11 − 2g20r02 + µc
λc
g12
)
= 0
−2g02
(
p12 − 2µc
λc
p20f02 +
µc
λc
g11r11
)
− p11
(
2p11f02 + 3g03
µc
λc
− g11r02
)
= 0.
If two equations are satisfied then the third is also. Therefore there are two necessary and
sufficient conditions for the matrix to have rank 2. Due to codimension this can happen at
isolated points.
If the determinant M̂3 is non-vanishing then the generating family is time-space equivalent
to the normal form
A3 : Φ = t
4 + q2t
2 + q3t+ q4.
In order for the singularity A∗3 to be versally unfolded we require that the first two rows of
M̂3 are independent. This has already been shown in the proof of lemma 3.1. We also require
that the matrix M̂3 has rank 2. This also follows immediately because the matrix already has
two independent rows.
Therefore, the function can be reduced to the form
t4 + (λ+ β(q1, q2, q3))t
2 + α(q1, q2, q3)t+ q4.
for some functions α and β.
Since generically ∂α
∂q2
6= 0, the function α = 0 can be solved for q3 as a function in q1 and q2:
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Substituting this into β gives:
q3(q1, q2) = −g11p02q1
p11g02
− 2q2p02
p11
+
(
f20 + 2
g20r11g11p02
2
g022p112
− 2g20r11g11p02
g02p112
− 2p20f11g11p02
2
g022p112
+2
p20f11g11p02
g02p112
− f20p02
g02
+
g11
3r20p02
3
g023p113
− g11
3r20p02
2
g022p113
+
g21p02
2
g022p11
− p21g11
2p02
2
g022p113
−g21p02
p11g02
+
p21g11
2p02
p113g02
)
q1
2 +
(
f11 − 4p20f11p02
2
g02p112
− g11
2r11p02
g02p112
− 4p20f02g11p02
2
g022p112
+4
g11
2r20p02
3
g022p113
− 2g12p02
p11g02
+ 4
g20r11p02
2
g02p112
+ 4
p21g11p02
p113
− 4g11
2r20p02
2
p113g02
+ 4
p20f11p02
p112
−4g20r11p02
p112
− 4p21g11p02
2
p113g02
+ 4
p20f02g11p02
g02p112
− f11p02
g02
+
g11
2r11p02
2
g022p112
+ 2
g12p02
2
g022p11
)
q1q2
+
(
8
p20f02p02
p112
+ 4
g11r20p02
3
p113g02
− 3g03p02
p11g02
+ 3
g03p02
2
g022p11
− 4g11r20p02
2
p113
− 4p21p02
2
p113
−f02p02
g02
− 2g11r11p02
p112
+ f02 + 4
g02p21p02
p113
− 8p20f02p02
2
g02p112
+ 2
g11r11p02
2
g02p112
)
q2
2.
Substituting this into β(q1, q2, q3) yields an expression in q1 and q2 only; β˜(q1, q2). The
necessary conditions for an A∗3 are sufficient for the vanishing of the linear part in q1 and q2 of
β˜(q1, q2). Up to quadratic terms β˜(q1, q2) can be written as aq
2
1 + bq1q2 + cq
2
2 where
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a = 6
g04p02
2
g022
− 6g04p02
3
g023
+ 4
p02g11r02p20f02
g02p11
− 4p02
2g11r02p20f02
g022p11
− 4p02p20f11r02
p11
− 2p02
2r11f11
g02
−3f02p11g03p02
2
g023
+ 3
f02p11g03p02
g022
+ 6
p02
2g03p21
g02p112
− 6p02
3g03p21
g022p112
+ 12
p02
2g11r20f02
g02p11
−12p02
3g11r20f02
g022p11
− 3p02
3g11r11g03
g023p11
+ 4
p02
2p20f11r02
g02p11
+ 12
p02
2g03p20f02
g022p11
− 12p02
3g03p20f02
g023p11
+8
p02
3p20f11r11
g02p112
+ 2p02r11f11 − 12p20f02
2p02
g02
+ 12
p20f02
2p02
2
g022
− 3p11f03p02
g02
+ 3
p11f03p02
2
g022
+4
p02
2g20r11
2
p112
+
r02
2g11
2
2g02
+ p11r02f11 − 2r022g20 − 4g02p02p22
p112
+ 4
p02
2p22
p112
− 8p02
2p20f11r11
p112
−4p02
3g11r21
g02p112
+ 2
p02g11r12
p11
− 12p02
2p20f03
g02p11
− 12p02f02p21
p11
− 2p02
2g11r12
g02p11
+ 12
p02
3p20f03
g022p11
+2
r02
2p02g20
g02
+ 2
p02g11r02p21
p112
− 2p02
2g11r02p21
g02p112
+
g11
2p02r11r02
g02p11
+ 8
p02
2g20r11r02
g02p11
+3
r11g11g03p02
2
g022p11
+
p11p02f02g11r02
g022
+ 12
p02
2f02p21
g02p11
− p11f02g11r02
g02
− 8p02g20r11r02
p11
+12
p02
2f02p21
g02p11
− p11f02g11r02
g02
− r02
2p02g11
2
2g02
2 −
p11r02p02f11
g02
− p02
2r11g11
2r02
g022p11
−9g03
2p02
2
2g02
3 + 9
g03
2p02
3
2g02
4 + 4
p02
2g11r21
p112
− 4p02
3g20r11
2
g02p112
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b = 6
p02
2g11
2r20f02
g022p11
− 6p02
2g11p20f03
g022p11
+ 2
p02g11r11f11
g02
− 8p02g11p21f02
g02p11
− 6p02
3g11
2r20f02
g023p11
+
p02
2r11g11
2f02
g023
− 3p02
3g11
2r11g03
2g02
4p11
− 1p02
2g11
3r11r02
2g02
3p11
− 2p02
2g11r11f11
g022
+ 6
p02
3g11p20f03
g023p11
+8
p02
2g11p21f02
g022p11
+ 4
p02
2g11r20f11
g02p11
+ 8
p02
2g20r20f02
g02p11
− 8p02p20f20r02
p11
− 4p02
3g11r20f11
g022p11
+8
p02
2p20f20r02
g02p11
− 8p02f02p20f11
g02
+ 8
p02
2f02p20f11
g022
+
p02p11f11g11r02
g022
+ 8
p02f02g20r11
g02
−8p02
2f02g20r11
g022
+ 6
p11f02g11g03p02
g023
− 6p11p02
2f02g11g03
g024
− 2p11p02f02g11
2r02
g023
+ 4
p02
2r11f20
g02
−2p11p02f12
g02
− 8p02
2g11p20f11r11
g02p112
+ 8
p02
3g11p20f11r11
g022p112
− 6p02g11r11g20r02
g02p11
− p02
2g11
2r12
g022p11
+6
p02
2g03p20f02g11
g023p11
− 6p02
3g03p20f02g11
g024p11
+ 2
p02g11
2r02p20f02
g022p11
− 2p02
2g11
2r02p20f02
g023p11
+4
p02
2g11p22
g02p112
+ 4
p02
2g11
2r21
g02p112
− 4p02g11p22
p112
+ 9
g03
2p02
3g11
2g02
5 +
p02g11
2r12
g02p11
+ 6
p02
2g11r11g20r02
g022p11
−4p02r11f20 − 4p02
2p20f12
g02p11
− 4p02p21f11
p11
− 4p02
2g20r12
g02p11
− 4p02
3r11g21
g022p11
+ 4
p11p02f02g20r02
g022
−p11f11g11r02
g02
− 2p11
2p02f11f02
g022
+ 3
p11f11g03p02
2
g023
+ 2
g21p02r02
g02
− 2g21p02
2r02
g022
+ 3
g13p02
2
g022
+2
p11
2f02
2p02g11
g023
− 9g03
2p02
2g11
2g02
4 + 2
g11r02
2g20
g02
+
g11
3r02
2p02
2g02
3 + 2
p11
2f11f02
g02
+
p02g11
3r11r02
2g02
2p11
+3
p02
2r11g11
2g03
2g02
3p11
− 3g13p02
3
g023
− g11
2p02r11f02
g022
− 2p11
2f02
2g11
g022
− 1g11
3r02
2
2g02
2 + 6
g03p02g20r02
g022
−6p02
2g03g20r02
g023
+ 6
p02
2g03p20f11
g022p11
− 6p02
3g03p20f11
g023p11
− 6p02
2g03g20r11
g022p11
+ 6
p02
3g03g20r11
g023p11
−6p02
3g03p21g11
g023p112
+ 6
p02
2g03p21g11
g022p112
− 2p02
2g11
2r02p21
g022p112
+ 2
p02g11
2r02p21
g02p112
+ 4
p02
2g11g20r11
2
g02p112
−4p02
3g11g20r11
2
g022p112
− 2g11r02
2p02g20
g022
+ 3
p02
2g03g11
2r02
g024
− 4p11f02g20r02
g02
+ 2
p11f02g11
2r02
g022
+2
p11p02
2f12
g022
− 8p02
3g20r20f02
g022p11
− 4p20f02
2p02g11
g022
+ 4
p20f02
2p02
2g11
g023
− 3g03p02g11
2r02
g023
+4
p02g20r12
p11
+ 4
p02
2r11g21
g02p11
+ 4
p02
2p21f11
g02p11
− 3p11f11g03p02
g022
+ 4
p02
3p20f12
g022p11
− 4p02
3g11
2r21
g022p112
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c = 6
p02
2g11
2r20f02
g022p11
− 6p02
2g11p20f03
g022p11
+ 2
p02g11r11f11
g02
− 8p02g11p21f02
g02p11
− 6p02
3g11
2r20f02
g023p11
+
p02
2r11g11
2f02
g023
− 3p02
3g11
2r11g03
2g02
4p11
− p02
2g11
3r11r02
2g02
3p11
− 2p02
2g11r11f11
g022
+ 6
p02
3g11p20f03
g023p11
+8
p02
2g11p21f02
g022p11
+ 4
p02
2g11r20f11
g02p11
+ 8
p02
2g20r20f02
g02p11
− 8p02p20f20r02
p11
− 4p02
3g11r20f11
g022p11
+8
p02
2p20f20r02
g02p11
− 8p02f02p20f11
g02
+ 8
p02
2f02p20f11
g022
+
p02p11f11g11r02
g022
+ 8
p02f02g20r11
g02
−8p02
2f02g20r11
g022
+ 6
p11f02g11g03p02
g023
− 6p11p02
2f02g11g03
g024
+ 3
g13p02
2
g022
+ 2
p11p02
2f12
g022
−4p20f02
2p02g11
g022
+ 4
p20f02
2p02
2g11
g023
− 3g03p02g11
2r02
g023
− 2p11p02f12
g02
+ 6
p02
2g11r11g20r02
g022p11
−8p02
2g11p20f11r11
g02p112
+ 8
p02
3g11p20f11r11
g022p112
− 6p02g11r11g20r02
g02p11
− 8p02
3g20r20f02
g022p11
+ 4
p02
2r11f20
g02
+6
p02
2g03p20f02g11
g023p11
− 6p02
3g03p20f02g11
g024p11
+ 2
p02g11
2r02p20f02
g022p11
− 2p02
2g11
2r02p20f02
g023p11
+4
p02
2g11p22
g02p112
+ 4
p02
2g11
2r21
g02p112
− 4p02g11p22
p112
+ 9
g03
2p02
3g11
2g02
5 +
p02g11
2r12
g02p11
− p02
2g11
2r12
g022p11
+4
p02
2r11g21
g02p11
− 4p02r11f20 − 4p02
2p20f12
g02p11
− 4p02p21f11
p11
+ 3
p11f11g03p02
2
g023
+ 2
g21p02r02
g02
+4
p02
2p21f11
g02p11
− 3p11f11g03p02
g022
− p11f11g11r02
g02
− 2p11
2p02f11f02
g022
− 4p02
2g20r12
g02p11
− 4p02
3r11g21
g022p11
−4p11f02g20r02
g02
+ 2
p11
2f02
2p02g11
g023
− 9g03
2p02
2g11
2g02
4 + 2
g11r02
2g20
g02
+
g11
3r02
2p02
2g02
3 + 2
p11
2f11f02
g02
+3
p02
2r11g11
2g03
2g02
3p11
− 3g13p02
3
g023
− g11
2p02r11f02
g022
− 2p11
2f02
2g11
g022
+ 6
g03p02g20r02
g022
− 4p02
3g11
2r21
g022p112
+6
p02
2g03p20f11
g022p11
− 6p02
3g03p20f11
g023p11
− 6p02
2g03g20r11
g022p11
+ 6
p02
3g03g20r11
g023p11
− 2g11r02
2p02g20
g022
−6p02
3g03p21g11
g023p112
+ 6
p02
2g03p21g11
g022p112
− 2p02
2g11
2r02p21
g022p112
+ 2
p02g11
2r02p21
g02p112
+ 4
p02
2g11g20r11
2
g02p112
−4p02
3g11g20r11
2
g022p112
+ 3
p02
2g03g11
2r02
g024
− 6p02
2g03g20r02
g023
+
p02g11
3r11r02
2g02
2p11
− 2p11p02f02g11
2r02
g023
−2g21p02
2r02
g022
+ 2
p11f02g11
2r02
g022
+ 4
p02
3p20f12
g022p11
+ 4
p02g20r12
p11
+ 4
p11p02f02g20r02
g022
− g11
3r02
2
2g02
2 .
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The quadratic form of β˜(q1, q2) given by 4ac − b2 is generically non-degenerate. This can
be seen because 4ac − b2 can be solved for f04 since it only enters 4ac − b2 as multiplied by a
generically nonzero factor.
Since β˜ is a non-degenerate quadratic, the normal form can be reduced to
t4 + (±q21 ± q22)t2 + q3t+ q4.
The fact that the (big) matrix M3 on page 119, used for the proof of versality with respect
to space time, has nonzero determinant to complete the proof. At an A∗3 type point the function
Φ is time-space contact equivalent to the normals form:
A∗3 : Φ = t
4 + (λ± q21 ± q22)t2 + q3t+ q4.
and due to codimension can occur at isolated points. 2
Time-Space Versality of A4 and A
∗
4
Lemma 4.17. Singularities of the type A4 are versally unfolded. Bifurcations of type A
∗
4 can
occur at isolated points and are versally unfolded.
For an A4 point to occur the conditions
λc =
g02
p02 − g02
p03 = g03
µ2
λ2
+
µ
λ
p11f02 − µ
λ
g11r02
and
p04 = −g04µ
3
λ3
− µ
2
λ2
p20f
2
02 −
µ2
λ2
p11f03 − g20µ
λ
r202 +
µ
λ
r02p11f11
+
µ
λ
p12f02 − g11µ
λ
r03 +
µ2
λ2
r02g12 + g11
µ2
λ2
r11f02
need to be satisfied. A4 type points are versally unfolded if the matrix M̂4 has nonzero deter-
minant. The matrix M̂4 has the same first three rows as M̂3 and the additional row
∂Φ3
∂q1
= −µ
3
λ3
g13 − µ
2
λ2
p11f12 +
µ
λ
p12f11 + 2
µ2
λ2
r02g21 − 2µ
λ
g20r03 +
µ2
λ2
g11r11f11
+2
µ
λ
r02p11f20 − 2µ
2
λ2
p20f02f11 + 2
µ2
λ2
g20r11f02
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∂Φ3
∂q2
= −4µ
3
λ3
g04 − µ
λ
g11r03 − 4µ
2
λ2
p20f
2
02 + 2
µ2
λ2
r02g12 − 3µ
2
λ2
p11f03 + 2
µ
λ
p12f02
+
µ
λ
r02p11f11 + 3
µ2
λ2
g11r11f02
∂Φ3
∂q3
= −r11g12µ
2
λ2
+
µ
λ
g11r12 − 2µ
λ
p21f02 + 2
µ2
λ2
p20f03 − µ
λ
r11p11f11 − 2p20f11µ
λ
r02
−2g11r20µ
2
λ2
f02 + 2
µ
λ
g20r02r11 + p13
∂Φ3
∂q4
= 0.
The vanishing of the determinant can occur at isolated points in q, λ space generically.
If the determinant is non-vanishing then the generating family is time-space equivalent to
the normal form
A4 : Φ = t
5 + q1t
3 + q2t
2 + q3t+ q4.
If the matrix M̂4 has vanishing determinant then we obtain singularities of the type A
∗
4. In
order for the singularity A∗4 to be versally unfolded we require that the first three of M̂4 are
indpendent. This has already been shown in the proof of lemma 4.16. We also require that
the matrix M̂4 has rank 3. This also follows immediately because the matrix already has three
independent rows.
We also require that the (big) matrix M4, used for the proof of versality of A4 with respect
to space-time, generically has nonzero determinant which was shown in on page 120.
Therefore, the generating function can be reduced to the form
t4 + (λ+ γ(q1, q2, q3))t
2 + β(q1, q2, q3)t+ α(q1, q2, q3) + q4.
for some functions α, β and γ.
Since generically ∂γ
∂q3
6= 0, the function γ = 0 can be solved for q3 as a function in q1 and q2;
q3 = q3(q1, q2), see lemma 4.16.
Substiting this into β(q1, q2, q3) gives a new function β˜(q1, q2). Since at an A
∗
4 singularity
generically the matrix M̂3 has maximal rank, the function β˜ = 0 can be solved for q2 as a
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function in q1 only:
q2(q1) =
2g20r02g02p11 + p11g12p02 − p112f11g02 − 2g11p02p20f02 − g11p12g02 + g112p02r11
2g02p112f02 − 3p02p11g03 − g02p11g11r02 + 4g02p02f02p20 − 2g02p02g11r11 + 2g022p12 q1 + ...
Substituing q3 = q3(q1, q2) and then q1 = q2(q1) into γ(q1, q2, q3) gives a new function γ˜(q1).
Notice that the conditions for an A∗4 singularity ensure that the linear part of γ˜(q1). In order
to be no more degenerate we require the ∂
2γ˜(q1)
∂q21
is nonzero.
The expression ∂
2γ˜(q1)
∂q21
is huge but we can guarantee that it is generically nonvanishing since
it can be solved for g23. Up to quadratic terms in q this term appears in γ multiplied by q
2
1
and a nonzero factor but not in neither β nor α. This means that the vanishing of ∂
2γ˜(q1)
∂q21
is an
independent condition and therefore at an A∗4 type point the generating family Φ is time-space
contact equivalent to the normal form:
A∗4 : Φ = t
5 + (λ± q21)t3 + q2t2 + q3t+ q4.
and due to codimension can occur at isolated points. 2
Time-Space Versality of A5
The derivative matrix when we take λ as a constant is a 4 × 5 matrix which cannot have
rank 5. Therefore the family is not versal with respect to q only.
In order to be versally unfolded we require that the 4×4 matrix M̂4 has nonzero determinant
and also that the 5 × 5 matrix M5, that was used for space-time versality and includes the
derivative with respect to λ (page 120), also has nonzero determinant.
The necessary conditions for an A5 singularity together with the vanishing of the determinant
M4 provides a non generic situation. It has already been shown that the determinant of the big
matrix M5 is generically nonzero. Therefore, A5 singularities are generically time-space versally
unfolded and the bifurcations of the momentary wave fronts are diffeomorphic to the standard
bifurcations of A5 type (Wigwam). 2
Therefore A5 singularities are generically time-space versal so the bifurcations of the mo-
mentary wave fronts are diffeomorphic to the standard bifurcations of A5 type.
3.2. Calculations from the normal forms. The normal forms for the singularities A1, A2
and A3 are the same as in the case of a curve and surface (see section 3.2 in chapter 3). Since q4
is absent from these forms its value is arbitrary. The images of the wave fronts in this case are
the same as in chapter 3 except they are multiplied by a line and exist in the space (q1, q2, q3, q4).
Normal form for A∗3
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For an A∗3 singularity the normal form is
Φ = t4 + (λ± q21 ± q22)t2 + q3t+ q4.
Since λ enters the normal form the bifurcation A∗3 is non-trivial. We consider the bifurcation
that occurs in the q space as λ changes. The bifurcation is given by the zero level set of the
equations Φ = t4 + (λ± q21 ± q22)t2 + q3t+ q4 and ∂Φ∂t = 4t3 + 2(λ± q21 ± q22)t+ q3.
Solving this system of equations gives
(q1, q2, q3, q4) = (q1, q2,−4t3 − 2tλ∓ 2tq21 ∓ 2tq22, 3t4 + t2λ± t2q21 ± t2q22).
Note this is slightly different to the normal form for A∗3 in the curve and surface case (see
section 3.2). Here we have the additional term ±q22. In R3 the singularity A∗3 gave the meta-
morphosis of swallowtail lips and swallowtail beaks; the analogue in four space gives us three
types: which we shall call elliptic-lips, elliptic-beaks and hyperbolic-lips-beaks.
Normal form for A4
For an A4 singularity the normal form is
A4 : Φ = t
5 + q1t
3 + q2t
2 + q3t+ q4
So the bifurcation is given by the zero-level set of the equations Φ = t5 + q1t
3 + q2t
2 + q3t+ q4
and ∂Φ
∂t
= 5t4 + 3q1t
2 + 2q2t+ q3. Solving this system of equations gives
(q1, q2, q3, q4) = (q1, q2,−5t4 − 3q1t2 − 2q2t, 4t5 + 2q1t3 + q2t2).
Since λ does not enter the normal form no metamorphosis occurs. The wave front for any
fixed value of λ has the image of a butterfly.
Normal form for A∗4
For an A∗4 singularity the normal form is
Φ = t5 + (λ± q21)t3 + q2t2 + q3t+ q4.
So the front bifurcation in the q space is the variety given by the zero level set of the
equations
Φ = t5 + (λ± q21)t3 + q2t2 + q3t+ q4 and ∂Φ∂t 5t4 + 3 (λ+ q12) t2 + 2q2t+ q3.
Solving this system of equations gives
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(q1, q2, q3, q4) = (q1, q2,−5t4 − 3t2λ∓ 3t2q12 − 2q2t, 4t5 + 2t3λ± 2t3q21 + q2t2).
This gives the metamorphosis for either butterfly beaks or butterfly lips.
Normal form for A5
For an A5 singularity the normal form is
Φ = t6 + λt4 + q1t
3 + q2t
2 + q3t+ q4.
So the front bifurcation in the q space is the variety given by the zero level set of the equations
Φ = t6 + λt4 + q1t
3 + q2t
2 + q3t+ q4 and
∂Φ
∂t
= 6t5 + 4λt3 + 3q1t
2 + 2q2t+ q3.
Solving this system of equations gives
(q1, q2, q3, q4) = (q1, q2,−5t4−3t2λ∓3t2q12−2q2t,−6t5−4t3λ−3q1t2−2q2t, 5t6+3λt4+2q1t3+q2t2)
which has the image of the standard metamorphosis of a wigwam (see [27]).
4. Minkowski set in the non-transversal setting
Chords are said to be non-transversal if the base points a0 ∈M and b0 ∈ N are distinct and
the tangent planes TaM and TbN share a common direction and the tangent planes intersect
along a line that contains neither a0 nor b0. Equivalently, the direction of the chord l(a, b)
belongs to the linear span of TaM and TbN .
In this case up to an appropriate affine transformation of R4 = {(x, y, w, z)} we can always
assume that the base chord pair a0, b0 coincides with the pair of points (0, 0,−1, 0), (−1, 0, 0, 0)),
the tangent plane to the surfaceM at a0 is parallel to the (x, y)-coordinate plane and the tangent
plane to N at b0 is parallel to the (y, w)-plane. In these coordinates the surface germs M,a0
and N, b0 are given as graphs
M = {(x, y, w, z)|w = f(x, y)− 1, z = g(x, y)}, N = {(u, t, s, v)|u = r(s, t)− 1, v = p(s, t)}
where the functions f, g, r and p all have vanishing 1-jets at the origin.
Denote by r1 the embedding with the image M of some neighbourhood U of the origin in
R
2
r1 : U → R4, r1 : (x, y) 7→ (x, y, f(x, y)− 1, g(x, y)).
Similarly denote by r2 the embedding with the image N of some neighbourhood V of the
origin in R2
r2 : V → R4, r2 : (t, s) 7→ (r(t, s)− 1, t, s, p(t, s)).
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Writing the family F in the coordinate form we get
F = An1 + Bn2 + Cn3 +Dn4
where
A = λx+ µ(r(s, t)− 1)− q1
B = λy + µt− q2
C = λ(f(x, y)− 1) + µs− q3
D = λ(g(x, y)) + µp(s, t)− q4.
For 1 6= µ 6= 0 the functions A,B and C are regular. They can be chosen as the coordinate
functions instead of x, y and s respectively. Similarly to many previous cases we have the
following proposition:
Proposition 4.18. After an appropriate stabilisation procedure (see proposition 4.8) the
initial generating family germ at the point λ = λ0, t = 0, q = 0 reduces to the form
Φ(t, ε, q) = (λ0 + ε)g(x˜(t, ε, q), y(t, ε, q)) + (µ0 − ε)p (s˜(t, ε, q), t)− q4(4.1)
where
y(t, ε, q) =
q2 − (µ0 − ε)t
λ0 + ε
and x˜(t, ε, q) and s˜(t, ε, q) are unique smooth solutions of the system of equations
x˜ =
q˜1 − (µ0 − ε)r(s˜, t) + ε
λ0 + ε
, s˜ =
q˜3 − (λ0 + ε)f(x˜, y(t, ε, q))− ε
µ0 − ε ,
where ε = λ− λ0, q˜1 = q1 − µ0 and q˜3 = q3 − λ0 vary in the vicinity of the origin.
4.1. Recognition of singularities in the non-transversal setting. Consider the organ-
ising centre A(t, ε) = Φ|q˜1=q2=q˜3=q4=0 of the family and decompose it as A(t, ε) =
∑
i+j≥2 aijt
iεj
where
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a20 = µ0p02 +
g02µ0
2
λ0
a11 = −g11µ0
λ0
− p11
a02 =
g20
λ0
+
p20
µ0
a30 =
g11µ0
2r02
λ0
+ µ0p03 − g03µ0
3
λ0
2 −
µ0
2p11f02
λ0
a21 = −p02 − p12 − g02µ0
2
λ0
2 − 2
g02µ0
λ0
− 2g20µ0r02
λ0
+
g12µ0
2
λ0
2
+
µ0p11f11
λ0
+ 2
µ0p20f02
λ0
− g11µ0r11
λ0
a12 = −p11f20
λ0
− g21µ0
λ0
2 +
g11
λ0
− 2p20f11
λ0
+
g11µ0
λ0
2 +
g11r20
λ0
+
p21
µ0
+ 2
g20r11
λ0
a03 = − p30
µ02
+
p20
µ02
− 2g20r20
µ0λ0
− g20
λ0
2 + 2
p20f20
µ0λ0
+
g30
λ0
2
a40 =
g11µ0
2r03
λ0
− µ0
3r02g12
λ0
2 −
µ0
2r02p11f12
λ0
+
g20µ0
2r02
2
λ0
+
µ0
3p11f03
λ0
2
−µ0
2p12f02
λ0
+
µ0
3p20f02
2
λ0
2 +
g04µ0
4
λ0
3 + µ0p04 −
g11µ0
3r11f02
λ0
2
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a31 = −p03 − p13 + 3g03µ0
2
λ0
2 + 2
g03µ0
3
λ0
3 −
g13µ0
3
λ0
3 +
g11µ0
2r11f12
λ0
2 +
p12f12µ0
λ0
−µ0
2p11f12
λ0
2 +
µ0
2p11f02
λ0
2 + 2
g11µ0
2r20f02
λ0
2 + 2
g20µ0
2r11f02
λ0
2 − 2
g20µ0r11r02
λ0
+
µ0p11f12r11
λ0
+ 2
µ0r02p11f20
λ0
+ 2
µ0r02p20f12
λ0
− 2µ0
2p20f12f02
λ0
2 +
r11g12µ0
2
λ0
2
+2
µ0p21f02
λ0
− 2µ0
2p20f03
λ0
2 − 2
g20µ0r03
λ0
+ 2
µ0
2r02g21
λ0
2 −
g11µ0
2r02
λ0
2 + 2
µ0p11f02
λ0
−g11µ0r12
λ0
− 2g11µ0r02
λ0
a22 =
g02µ0
2
λ0
3 + 2
g02µ0
λ0
2 − 2
g12µ0
2
λ0
3 − 2
g12µ0
λ0
2 +
g22µ0
2
λ0
3 − 3
p30f02
λ0
− 2p20f02
λ0
−r11g11µ0f20
λ0
2 − 3
g30µ0r02
λ0
2 + 2
g20µ0r02
λ0
2 − 2
g20µ0r11f12
λ0
2 − 2
p20f12r11
λ0
− p11f12r20
λ0
+2
g20r20r02
λ0
− 4g20µ0r20f02
λ0
2 + 2
µ0p20f20f02
λ0
2 − 4
r02p20f20
λ0
− 2g11µ0r20f12
λ0
2 −
p11f12
λ0
+
g11r21
λ0
+
r11g11
λ0
+
r11g11µ0
λ0
2 − 2
r11g21µ0
λ0
2 + 2
g20r02
λ0
+ 2
g20r12
λ0
+
g20r11
2
λ0
+
µ0p11f21
λ0
2
+
µ0p20f12
2
λ0
2 + 2
µ0p20f12
λ0
2 − 2
p21f12
λ0
− µ0p11f12
λ0
2 − 2
µ0p20f02
λ0
2 +
p22
µ0
+
g02
λ0
−p12f20
λ0
− g12µ0r20
λ0
2 − 2
r11p11f20
λ0
a13 =
p21
µ02
− p31
µ02
− g11r20
λ0
2 − 2
g20r11
λ0
2 + 2
p20f12
λ0
2 +
p11f20
λ0
2 − 2
p20f21
λ0
2 + 2
p21f20
λ0µ0
− p11f30
λ0
2
+3
p30f12
λ0µ0
+ 3
r11g30
λ0
2 − 2
g20r21
λ0µ0
+ 2
r20g21
λ0
2 −
g11r30
λ0µ0
− g11µ0
λ0
3 −
g11
λ0
2 + 2
g21µ0
λ0
3
+
g21
λ0
2 + 2
p20f12r20
λ0µ0
− 2p20f20f12
λ0
2 + 4
r11p20f20
λ0µ0
+ 2
r20p11f20
λ0µ0
− 2g20r20r11
λ0µ0
+2
g11r20f20
λ0
2 + 2
g20r11f20
λ0
2 + 4
g20f12r20
λ0
2 −
g31µ0
λ0
3
a40 =
p40
µ03
+ 2
p20f30
µ0λ0
2 − 2
g30
λ0
3 − 2
p30
µ03
+
p20
µ03
+ 2
g20r30
λ0µ02
+
g20
λ0
3 − 2
g20r20
λ0µ02
+2
g20r20
µ0λ0
2 − 4
r20p20f20
λ0µ02
− 3r20g30
µ0λ0
2 +
g20r20
2
λ0µ02
+ 2
p20f20
λ0µ02
− 3f20p30
λ0µ02
−2p20f20
µ0λ0
2 +
p20f20
2
µ0λ0
2 +
g40
λ0
3 − 4
g20r20f20
µ0λ0
2 .
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a50 = −µ0
2p13f02
λ0
− µ0
4p11f04
λ0
3 +
µ0
3p12f03
λ0
2 +
µ0
3p21f02
2
λ0
2 − 2
µ0
4p20f02f03
λ0
3 −
g05µ0
5
λ0
4 + µ0p05
+2
µ0
3r02p20f02f11
λ0
2 −
µ0
2r02p12f11
λ0
+
µ0
3r02p11f12
λ0
2 +
µ0
4r02g13
λ0
3 +
g11µ0
2r04
λ0
− µ0
3r03g12
λ0
2
−µ0
2r03p11f11
λ0
− µ0
3r02
2g21
λ0
2 −
µ0
2r02
2p11f20
λ0
+ 2
g20µ0
2r02r03
λ0
+
g11µ0
4r11f03
λ0
3
−2µ0
3f02g20r02r11
λ0
2 +
µ0
4f02r11g12
λ0
3 +
µ0
3f02r11p11f11
λ0
2 −
µ0
3f02g11r12
λ0
2
+
g11µ0
4r20f02
2
λ0
3 −
g11µ0
3r11f11r02
λ0
2
and
a05 = 3
p40
µ04
+
p20
µ04
− 3 p30
µ04
+ 3
g30
λ0
4 −
g20
λ0
4 + 2
g20r20
2
λ0µ03
+ 4
g20r30
λ0µ03
− 2g20r20
λ0µ03
+8
g20r20f20
µ0λ0
3 − 4
g20r20f30
µ0λ0
3 − 2
g20r20f20
2
µ0λ0
3 + 12
g20r20
2f20
λ0
2µ02
− 3 g40
λ0
4
+
p20f20
2
λ0
2µ02
− 2p20f20
2
µ0λ0
3 + 2
p20f40
µ0λ0
3 − 3
p30f20
2
λ0
2µ02
− 4p20f30
µ0λ0
3 + 2
p20f30
λ0
2µ02
−3 p30f30
λ0
2µ02
− 2 p20f20
λ0
2µ02
+ 2
p20f20
λ0µ03
+ 3
p30f20
λ0
2µ02
− 6p30f20
λ0µ03
+ 6
g20r30f20
λ0
2µ02
+4
p40f20
λ0µ03
+ 2
p20f20
µ0λ0
3 −
g20r20
2
λ0
2µ02
− 2g20r40
λ0µ03
+ 3
g30r20
2
λ0
2µ02
− 2 g20r30
λ0
2µ02
+3
g30r30
λ0
2µ02
+ 6
g30r20
µ0λ0
3 − 4
r20g40
µ0λ0
3 + 2
g20r20
λ0
2µ02
− 2g20r20
µ0λ0
3 − 3
g30r20
λ0
2µ02
+2
r20
2p20f20
λ0µ03
+ 4
r30p20f20
λ0µ03
− 12f20
2r20p20
λ0
2µ02
+ 4
r20p20f20
λ0
2µ02
− 6r20p20f30
λ0
2µ02
+6
r20p30f20
λ0µ03
− 8r20p20f20
λ0µ03
− 4g20r20f20
λ0
2µ02
− 6f20g30r20
µ0λ0
3 .
The space-time contact equivalence of the families of the type Φ corresponds to fibred contact
equivalence of the respective organising centres g(t, ε): the diffeomorphism of the form (t, ε)→
(T (t, ε), E(ε)) and multiplications by nonzero functions act on A.
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Once again we recall that the low codimensions singularities of generic families with respect
to this equivalence coincide with the versal deformations of singularities of projections of hy-
persurfaces (complete intersections) onto a line, classified by Goryunov [20]. For simple cases
they in fact coincide with Arnold’s simple boundary classes [4].
The low codimensional classes of function germs up to fibred contact equivalence were given
by Goryunov’s list [20], which for simple cases coincide with Arnold’s simple boundary classes
[4]. Versal deformations of these simple classes of codimension ≤ 4 are:
Bk : ±t2 + εk + qk−2εk−2 + ...+ q4,
Ck : t
k + tε+ q1ε+ q4 +
k−2∑
i=2
qit
i
for k = 2, 3, 4, 5 and
F4 : t
3 + ε2 + q2tε+ q3t+ q4.
There are also two non-simple singularities of codimension 4:
F1,0 : F = t3 + a(q1, ..., q4)tε2 + ε3 + q1t+ q2ε+ q3εt+ q4,
K4,2 : F = t4 + b(q1, ..., q4)t2ε+ ε2 + q1t2 + q2tε+ q3t+ q4,
where a(q) and b(q) are arbitrary functions, only the conditions 4a3(0) + 27 6= 0 and b2(0) 6= 4
must hold.
Remark. The two classes F1,0 and K4,2 are called non-simple because they contain moduli. It
is here that our classification up to space-time contact equivalence starts to diverge from that
of the standard boundary equivalence. In particular the versal deformations here are different,
see [2].
Theorem 4.19. The germ of the Minkowski set at any point of the base chord of non-
transversal type for a generic pair of surfaces is diffeomorphic to the bifurcation set of the
families of one of the listed types.
The proof of the theorem consists of checking the versality and genericity conditions for
germs of the family Φ: see section 4.2 below.
Bk series
If a20 6= 0 then we obtain Bk singularities. If the quadratic form Φ2 of Φ is non-degenerate,
that is 4a20a02 − a211 6= 0, then the B2 singularity occurs.
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The quadratic form Φ2 is degenerate when 4(λp02 + µg02)(µg20 + λp20) = (g11µ + p11λ)
2.
This quadratic equation in µ holds generically on each chord for at most two isolated points
corresponding to B3 or further singularities:
µ
λ
=
2p02g20 + 2g02p20 − p11g11 ± 2
√
(2p02g20 + 2g02p20 − p11g11)2 − (4g02g20 − g211)(4p02p20 − p211)
g211 − 4g02g20
.
For certain coefficients these points merge together when the discriminant of the equation
vanishes; see the remark below for a geometric interpretation.
If the quadratic form of one of the germs, say g, is degenerate, that is if 4g20g02 = g
2
11,
then one of the B3 points coincides with the point b ∈ N (λ = 0). However, this case is not
considered here as we always assume λneq0, 1. Similarly, if p is degenerate then one of the B3
points coincides with the point a ∈ M (λ = 1). In fact, the ranks of the quadratic forms of g
and p are affinely well defined as the forms of projections of the surfaces along TaM
⊕
TbN .
Remark. Although these long formulas seem rather unwieldy at first, they are (like all the
long formulas in this thesis) in fact affine invariants.
We offer some geometric interpretation in terms of curvature ellipses [23]. The curvature
ellipse is an invariant of surfaces in Euclidean space (see [11] or [23]), however the curvature
ellipse is not in fact an invariant for a surface in affine space.
For example all ellipses in the plane are affinely equivalent to each other. For a pair of surfaces
sharing a common normal direction however it appears that certain properties do persist under
the action of the affine group. Similarly, curvature is not an affine invariant for curves in the
plane but the ratio between pairs of curves with parallel tangent lines is invariant. It would be
interesting for future study to obtain a complete classification of affine invariants for pairs of
surfaces in four space (see for example [9]). The curvature ellipse forM lies in the (n3, n4)-plane
and the curvature ellipse for M lies in the (n1, n4)-plane. The two B3 singularities come into
coincidence when there exists two points, one on each curvature ellipse, corresponding to some
direction in their respective plane (a fixed angle away from the common direction) that both lie
on the line n4 = 0.
We shall see later, that the same condition occurs in the parallel case for Ĉ2, 3 singularities
(page 169), and in section 7.2 we offer an alternative geometrical interpretation in terms of the
pencil of quadratic forms.
If the quadratic form of A has rank 1 and a20 6= 0 then by some fibered equivalence (t, ε) 7→
(T (t, ε), E(ε)) it can be reduced to the normal form of one of the Bk classes with k = 3, 4 or 5.
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If the quadratic terms form a perfect square then it is possible to make the substitution
t′ = t− a11
2a20
ε
giving
A(t′, ε) = a20t
′2 + a′30t
′3 + a′21t
′2ε+ a′12t
′ε2 + a′03ε
3 + higher order terms.
In order for the singularity not to be more degenerate than B3 we require that a
′
03 6= 0 where
a′03 =
4a220a21a
2
11 + 16a
4
20a03 − 8a320a12a11 − 2a20a30a311
16a420
.
On some tangential chords this expression can vanish. If this is the case we can make the
substitution
t′′ = t′ +
a30t
′2
2a20
− 3a30a11t
′ε
4a220
+
a21t
′ε
2a20
+
3a30a
2
11ε
2
8a320
+
a12ε
2
2a20
− a21a11ε
2
2a220
giving
A(t′′, ε) = a20t
′′2 + a′′40t
′′4 + a′′31t
′′3ε+ a′′22t
′2ε2 + a′′13tε
3 + a′′04ε
4 + higher order terms.
Note that for recognition purposes of course only the term t′ and the terms containing ε3
are needed but we shall use the whole substitution for checking the versality in section 4.2. In
order for the singularity not to be more degenerate than B4 we require that a
′′
04 6= 0 where
a′′04 = −
9a30
2a11
4
64a20
5 −
3a30a11
2a12
8a20
3 +
3a30a11
3a21
8a20
4 −
a12
2
4a20
+
a12a21a11
2a20
2
−a21
2a11
2
4a20
3 + a04 −
a31a11
3
8a20
3 +
a40a11
4
16a20
4 +
a22a11
2
4a20
2 −
a13a11
2a20
.
If this is zero we obtain the B5 singularity. Making the substitution
t′′ = t′′′ − t
′′′3a40
2a20
+
5t′′′3a30
2
8a20
2 +
t′′′2a30a21ǫ
a202
− 3t
′′′2a30
2a11ǫ
2a20
3 +
t′′′2a40a11ǫ
a202
− t
′′′2a31ǫ
2a20
−15t
′′′a30a11ǫ
2a21
8a20
3 +
45t′′′a30
2a11
2ǫ2
32a20
4 +
3t′′′a21
2ǫ2
8a20
2 +
3t′′′a30a12ǫ
2
4a20
2 −
t′′′a22ǫ
2
2a20
−3t
′′′a40a11
2ǫ2
4a20
3 +
3t′′′a31ǫ
2a11
4a20
2 −
a13ǫ
3
2a20
− 9a30
2a11
3ǫ3
16a20
5 −
3a12ǫ
3a30a11
4a20
3
+
9a30a11
2ǫ3a21
8a20
4 +
a22ǫ
3a11
2a20
2 −
3a31ǫ
3a11
2
8a20
3 +
a12ǫ
3a21
2a20
2 −
a21
2ǫ3a11
2a20
3 +
ǫ3a40a11
3
4a20
4
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eliminates the quartic terms giving us a function in t′′′2 plus quintic terms and terms of higher
order. A B5 singularity occurs if and only if the value of a
′′′
05 is nonzero where
a′′′05 = −
27a30
3a11
5
128a20
7 +
a21
3a11
2
4a20
4 +
a21a12
2
4a20
2 −
a13a12
2a20
+
9a30a11
2a12a21
8a20
4 −
3a13a30a11
2
8a20
3 +
a13a21a11
2a20
2
−3a30a11
3a21
2
4a20
5 −
3a30a11a12
2
8a20
3 −
9a30
2a11
3a12
16a20
5 +
45a30
2a11
4a21
64a20
6 +
3a40a30a11
5
16a20
6 +
a40a11
3a12
4a20
4
−a40a11
4a21
4a20
5 −
9a31a30a11
4
32a20
5 −
3a31a11
2a12
8a20
3 +
3a31a11
3a21
8a20
4 +
3a22a30a11
3
8a20
4 +
a22a11a12
2a20
2
−a22a11
2a21
2a20
3 −
a21
2a12a11
2a20
3 +
a41a11
4
16a20
4 −
a32a11
3
8a20
3 +
a23a11
2
4a20
2 −
a50a11
5
32a20
5 −
a14a11
2a20
+ a05.
The condition a′′′05 = 0 can be solved for a05, so by the transversailty theorem no further
degenerations are possible.
Ck series
If a20 = 0 and a11 6= 0 then we get Ck>2 singularities. This occurs on each chord when
µ
λ
= −p02
g02
.
The singularities of type Ck require a20 = 0, a11 6= 0 and ai0 = 0 for i = 2..., k − 1, ak0 6= 0.
Notice that the conditions for Ck singularities is the are the same as for Ak−1 on transversal
chords.
When we considered a curve and surface in chapter 3 we encountered the so called flattening
case (definition 3.18) when the whole chord could belong to the caustic for isolated transversal
chords. For two surfaces in four space this can also happen generically for tangential chords.
There will be up to two points on these chords corresponding to C4 singularities being the
solutions in λ of the quadratic equation a30 = 0.
F4 singularity
The F4 class belongs to the intersections of the closures of the B3 and C3 strata and requires
a20 = a11 = 0, a02 6= 0 and a30 6= 0.
Non-simple singularities K4,2 and F1,0
There are two further degenerations that can occur which result in non-simple singularities.
Following Arnold’s notation we denote them K4,2 and F1,0 (see [2]).
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The singularity K4,2 occurs when a20, a11 and a30 all vanish but all other terms are generic,
in particular a02 6= 0. The singularity K4,2 belongs to the intersections of the closures of the C4
and F4 singularities.
Finally, the F1,0 singularity corresponds to a totally vanishing quadratic form
a20 = a11 = 0, a02 = 0 and generic cubic form.
This singularity is adjacent to the singularity F4. See the adjacency diagram of the singu-
larities on page 26.
4.2. Versality of singularities in the non-transversal setting. To show versality for
the singularities in the non-transversal setting we use the same method as was used in chapter 3
section 5.4 for the versality for the singularities in the tangential setting for a curve and surface.
When checking versality in this setting, since we have the extra parameter q4 the matrix of
derivatives has an extra column. Except for this, the method is the same for the singularities
B2, B3, B4, C3, C4 and F4 so we only include the case B3 in detail. More details are included for
the singularities C5, B5, K4,2 and F1,0.
Versality of singularities of the type B3
To show the versality of B3 we must show that the matrix
JB3 =
(
φ1 φ2 φ3 φ4
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
∂φ4
∂ε
)
|t′=ε=0
has maximal rank generically for points with the necessary and sufficient conditions for a B3
singularity (see section 4.1 above).
After the substituting t = t′ − a11
2a20
ε the matrix becomes
JB3 =
(
0 0 0 −1
4g20g02µ0+4p02λ0g20−µ0g211−g11p11λ0
2λ0(g02µ0+p02λ0)
g11p02−g02p11
g02µ0+p02λ0
p11
2λ0−4p20g02µ0−4p20p02λ0+p11g11µ0
2µ0(g02µ0+p02λ0)
0
)
.
It can be shown that the vanishing of the bottom row of JB3 never happens for p and g both
non-degenerate, i.e. away from the surface germs themselves. Therefore away from the surface
germs themselves B3 singularities are always versally unfolded.
Similarly the singularities B2, B4, C3, C4 and F4 are generically versally unfolded.
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Versality of singularities of the type B5
Figure 1. Newton diagram for B5.
At a singularity of type B5 the organising centre can be reduced to g0 = a
′′′
20t
′′′5+a′′′11t
′′′ε (see
figure 1). For a basis of Q = R[[t, ε]]/TC5g0 we can take the monomials 1, ε, ε
2 and ε3.
The space-time versality can easily be shown for B5 (albeit with rather lengthy expressions)
by observing that after substituting t′′′ as above, the determinant of the matrix
JB5 =

φ1 φ2 φ3 φ4
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
∂φ4
∂ε
∂2φ1
∂ε2
∂2φ2
∂ε2
∂2φ3
∂ε2
∂2φ4
∂ε2
∂3φ1
∂ε3
∂3φ2
∂ε3
∂3φ3
∂ε2
∂3φ4
∂ε2

|ε=0
is generically nonzero.
Versality of singularities of the type C5
At a singularity of type C5 the organising centre can be reduced to g0 = a50t
5 + a11tε (see
figure 2). For a basis of Q = R[[t, ε]]/TC5g0 we can take the monomials 1, t, t
2 and t3.
Figure 2. Newton diagram for C5.
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The vanishing of the derivative ∂g0
∂t
= 5a40t
4+ a11ε means we can replace ε = −5a40a11 t3. After
substituting this and the necessary C5 singularity conditions, we observe that the matrix
JC5 =

φ1 φ2 φ3 φ4
∂g
∂ε
∂g
∂t
∂φ1
∂t
∂φ2
∂t
∂φ3
∂t
∂φ4
∂t
∂2g
∂ε∂t
∂2g
∂t2
∂2φ1
∂t2
∂2φ2
∂t2
∂2φ3
∂t2
∂2φ4
∂t2
∂3g
∂ε∂t2
∂3g
∂t3
∂3φ1
∂t3
∂3φ2
∂t3
∂3φ3
∂t3
∂3φ4
∂t3
∂4g
∂ε∂t3
∂4g
∂t4
∂4φ1
∂t4
∂4φ2
∂t4
∂4φ3
∂t4
∂4φ4
∂t4
∂5g
∂ε∂t4
∂5g
∂t5
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
∂φ4
∂ε
∂2g
∂ε2
∂2g
∂t∂ε

|t=ε=0.
is generically nonzero and therefore C5 singularities are versally unfolded. 2
Versality of singularities of the type K4,2
When a20, a11 and a30 all vanish but all other terms are generic we obtain the singularity
K4,2. If this is the case we can reduce the organising centre to the form
g(t, ε) = t4 + a′21t
2ε+ ε2 + higher order terms.
Just so long as (a′21)
2 6= 4 we can remove the higher terms as follows:
Consider the pre-normal form g0(t, ε) = t
4 + bt2ε+ ε2. The tangent space to the orbit at g0
takes the form:
TK4,2g0 = {g0(t, ε) · h(t, ε) +
∂g0(t, ε)
∂t
· T (t, ε) + ∂g0(t, ε)
∂ε
· E(ε)}
for some functions h, t and E.
We have mod TK4,2g0:
t4 + bt2ε+ ε2 ≡ 0,(4.2)
4t3 + 2bεt ≡ 0,(4.3)
bt2 + 2ε ≡ 0.(4.4)
We can multiply equation 4.2 by t to obtain:
t5 + bt3ε+ ε2t(4.5)
If we multiply equation 4.3 by t2 we obtain:
4t5 + 2bt3ε ≡ 0.(4.6)
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Multiplying equation 4.3 by ε yields:
4t3ε+ 2bε2t ≡ 0.(4.7)
If b2 6= 4 then equations 4.5, 4.6 and 4.7 are all independent so t5 ≡ t3ε ≡ ε2t ≡ 0. We can
then use the relation 4.4, up to multiplication by functions in ε only, to show that the shaded
region of figure 3 belongs to the tangent space to the orbit TK4,2g0 = Ot,ε{g0, ∂g0∂t } + Oε{∂g0∂ε }
(see [4] or [18]).
Figure 3. Newton diagram for K4,2.
Up to quadratic terms in q the function Φ can now be written as
Φ(t′, ε) = g0(t
′, ε) + φ1(t
′, ε)q1 + φ2(t
′, ε)q2 + φ3(t
′, ε)q3 + φ4(t
′, ε)q3
for some functions φ1, φ2, φ3 and φ4 = −1.
By the Malgrange preparation theorem we can write
Φ(t′, ε) = g0(t
′, ε) + b(q)t′2ε+ q1t
′ + q2t
′2 + q3t
′3 − q4
for some functions b(q) and g0 just so long as the matrix
JK4,2 =

∂g0
∂t
∂g0
∂ε
φ1 φ2 φ3 −1
∂2g0
∂t2
∂2g0
∂t∂ε
∂φ1
∂t
∂φ2
∂t
∂φ3
∂t
0
∂2g0
∂ε∂t
∂2g0
∂ε2
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
0
∂3g0
∂t3
∂3g0
∂t2∂ε
∂2φ1
∂t2
∂2φ2
∂t2
∂2φ3
∂t2
0
∂3g0
∂ε∂t2
∂3g0
∂t∂ε2
∂2φ1
∂t∂ε
∂2φ2
∂t∂ε
∂2φ23
∂t∂ε
0
∂4g0
∂t4
∂4g0
∂t3∂ε
∂3φ1
∂t3
∂3φ2
∂t3
∂3φ3
∂t3
0

|t=ε=0
has nonzero determinant. Together with the necessary conditions for an K4,2, the vanishing of
the determinant JK4,2 is a non-generic situation. Therefore, for a generic pair of surface germs
the singularity K4,2 is versally unfolded.
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Versality of singularities of the type F1,0
When the quadratic part of Φ in variables t and ε is completely vanishing but Φ has a generic
cubic form we get singularities of the type F1,0.
Making a substitution in t we reduce the organising centre to the form
g(t′, ε) = t′3 + a′12tε
2 + ε3 + higher order terms.
Just so long as 4(a′12)
3 + 27 6= 0 we can remove the higher terms as follows:
Consider the pre-normal form g0(t, ε) = t
3 + atε2 + ε3. The tangent space to the orbit at g0
takes the form:
TF1,0g0 = {g0(t, ε) · h(t, ε) +
∂g0(t, ε)
∂t
· T (t, ε) + ∂g0(t, ε)
∂ε
· E(ε)}.
We have mod TF1,0g0:
t3 + atε2 + ε3 ≡ 0,(4.8)
3t2 + aε2 ≡ 0,(4.9)
2aεt+ 3ε2 ≡ 0.(4.10)
We can multiply equation 4.8 by t to obtain:
t4 + at3ε+ ε3t(4.11)
If we multiply equation 4.9 by t2, we obtain:
3t4 + 2at3ε ≡ 0.(4.12)
Multiplying equation 4.9 by tε yields:
3t3ε+ aε3t ≡ 0.(4.13)
Multiplying equation 4.9 by ε2 yields:
3t2ε2 + aε4 ≡ 0.(4.14)
Finally multiplying equation 4.10 by ε2 gives
2aε3t+ 3ε4 ≡ 0.(4.15)
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If a3 + 27 6= 0 then equations 4.11, 4.12, 4.13, 4.14 and 4.15 are all independent so t4 ≡
t3ε ≡ t2ε2 ≡ tε3 ≡ ε4 ≡ 0. All of these monomials, and multiples of them by functions in ε only,
belong to the tangent space to the orbit TF1,0g0.
Higher order monomials, the shaded region in figure 4, can be shown to belong to TF1,0g0 by
repeatedly using the relation 4.11 or 4.9 to connect them with elements already known to be in
TF1,0g0.
Figure 4. Newton diagram for F1,0.
Denote the new organising centre as g0 = t
′3 + btε2 + ε3. Up to quadratic terms in q the
function Φ can be written as
Φ(t′, ε, q) = g0(t
′, ε) + φ1(t
′, ε)q1 + φ2(t
′, ε)q2 + φ3(t
′, ε)q3 + φ4(t
′, ε)q4 + ...
for some functions φ1, φ2, φ3 and φ4 = −1.
By the Malgrange preparation theorem we can write
Φ(t′, ε, q) = g0(t
′, ε) + a1(q1, q2, q3, q4) + q1t
′ + q2t
2 + q3t
′3 − q4
for some functions a1 and g0 just so long as the matrix
JF1,0 =

∂g0
∂t
∂g0
∂ε
φ1 φ2 φ3 −1
∂2g0
∂t2
∂2g0
∂t∂ε
∂φ1
∂t
∂φ2
∂t
∂φ3
∂t
0
∂2g0
∂ε∂t
∂2g0
∂ε2
∂φ1
∂ε
∂φ2
∂ε
∂φ3
∂ε
0
∂3g0
∂t3
∂3g0
∂t2∂ε
∂2φ1
∂t2
∂2φ2
∂t2
∂2φ3
∂t2
0
∂3g0
∂ε∂t2
∂3g0
∂t∂ε2
∂2φ1
∂t∂ε
∂2φ2
∂t∂ε
∂2φ3
∂t∂ε
0
∂3g0
∂2∂t
∂3g0
∂ε3
∂2φ1
∂ε2
∂2φ2
∂ε2
∂2φ3
∂ε2
0

|t=ε=0
has nonzero determinant. Together with the necessary conditions for an F1,0, the vanishing of
the determinant of JF1,0 is a non-generic situation. Therefore, for a generic pair of surface germs
the singularity F1,0 is versally unfolded.
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4.3. Calculations from the normal forms in the non-transversal setting. The nor-
mal forms for the singularities B3, B3, B4, C3, C4 and F4 are the same as in the case of a curve
and surface (see chapter 3 section 3.2). Since q4 is absent from these forms its values is arbi-
trary. The wave fronts in this case are the same as in chapter 3 section 3.2 except that they are
multiplied by a line and exists in the (q1, q2, q3, q4) space.
Normal form for B5
For a B5 singularity the normal form is
Φ = t2 + ε5 + q1ε
3 + q2ε
2 + q3ε+ q4.
The caustic is the variety in the q space which satisfies the set of equations
Φ = t2 + ε5 + q1ε
3 + q2ε
2 + q3ε+ q4 = 0,
∂Φ
∂t
= 2t = 0 and ∂
2Φ
∂t2
= 2 = 0.
Clearly the last equation is never satisfied so the caustic at a B5 singularity is empty.
The criminant is the variety in the q space which satisfies the set of equations
Φ = t2 + ε5 + q1ε
3 + q2ε
2 + q3ε+ q4 = 0,
∂Φ
∂t
= 2t = 0 and ∂Φ
∂ε
= 5ε4 + 3q1ε
2 + 2q2ε+ q3 = 0.
Solving this system of equations gives the criminant as
(q1, q2, q3, q4) = (q1, q2,−5ε4 − 3q1ε2 − 2q2ε, 4ε5 + 2q1ε3 + q2ε2)
which is a butterfly.
Normal form for C5
For a C5 singularity the normal form is
Φ = t5 + tε+ q1t
3 + q2t
2 + q3ε+ q4.
The caustic is the variety in the q space which satisfies the set of equations
Φ = t5 + tε + q1t
3 + q2t
2 + q3ε + q4 = 0,
∂Φ
∂t
= 5t4 + ε + 3q1t
2 + 2q2t = 0 and
∂2Φ
∂t2
=
20t3 + 6q1t+ 2q2 = 0.
Solving this system of equations gives the caustic as
(q1, q2, q3, q4) = (q1,−10t3 − 3q1t, q3,−6t5 − q1t3 − 15q3t4 − 3q3q1t2).
Figure 5 shows 3-dimensional sections of the caustic of C5 taking q1 as a constant. When q1
is nonzero the caustic contains a folded umbrella corresponding to a C4 singularity. Note that
C4 is adjacent to C5. At q1 = 0 the caustic resembles an open swallowtail; that is to say it is a
swallowtail without the self intersection.
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Figure 5. Some 3-dimensional sections (q1 = constant) of the caustic at a C5 singularity.
The criminant is the variety in the q space which satisfies the set of equations Φ = t5+ tε+
q1t
3 + q2t
2 + q3ε+ q4 = 0,
∂Φ
∂t
= 5t4 + ε+ 3q1t
2 + 2q2t = 0 and
∂Φ
∂ε
= t+ q3 = 0.
Solving this system of equations gives the criminant as
(q1, q2, q3, q4) = (q1, q2,−t,−t5 − q1t3 − q2t2)
which is a smooth hypersurface.
Normal form for F1,0
Determining what the Minkowski set looks like for the singularities F1,0 and K4,2 is more
complicated than previous singularities because of their moduli. This means we are unable to
say precisely what they are diffeomorphic to. Instead we can speak in terms of there topological
equivalence, see for example [8].
For F1,0 we have the special condition 4a(0)
3−27 6= 0. There is of course only one real value
a(0) where this fails and generically this value will be avoided. Either side of this value we get
different pictures for the Minkowski set. Experimentally it seems that for any function a(q) with
4a(0)3−27 > 0 the Minkowski set at an F1,0 singularity always has the same appearance, and we
conjecture that they are in fact topologically equivalent. Similarly for a(q) with 4a(0)3−27 < 0.
For an example take the function a(q) = a1 where a1 is a constant.
The caustic is the variety in the q space which satisfies the set of equations
Φ = t3 + a1tε
2 + ε3 + q1t+ q2ε+ q3t
2 + q4 = 0
∂Φ
∂t
= 3t2 + a1ε
2 + q1 + 2q3t = 0 and
∂Φ
∂t
= 6t+ 2q3 = 0.
4. MINKOWSKI SET IN THE NON-TRANSVERSAL SETTING 155
The criminant is the variety in the q space which satisfies the set of equations
Φ =
∂Φ
∂t
= 0,
∂Φ
∂λ
= 2a1ε+ 3ε
2 + q2 = 0.
The caustic is given by
(q1, q2, q3, q4) = (
1
3
q23 − a1ε2, q2, q3,
1
27
q33 − ε3 − q2ε)
and the criminant is given by
(q1, q2, q3, q4) = (−3t2 − a1ε2 − 2q3t,−2atε− 3ε2, q3, 2t3 + 2a1tε2 + 2ε3 + q3t2).
The caustic is the image of a Morin stable mapping from R3 to R4, in particular a Whitney
umbrella multiplied by a line (see for example [1]).
Taking generic three dimensional sections, the criminant of F1,0 is similar to the standard
wave front metamorphoses that occur at a D−4 (pyramid) if 4a
3
1 < 27 or at a D
+
4 (purse) if
4a31 > 27 (see figures 6 and 7). So in other words, the criminant is diffeomorphic to the whole
D4 front in R
4.
Figure 6. 3-dimensional sections (q3 = constant) of the Criminant of F1,0 with
4a31 < 27.
Normal form for K4,2
As was the case with F1,0, for K4,2 is impossible to classify the Minkowski set up to diffeo-
morphism.
For K4,2 we have the special condition b
2(0) 6= 4 which can be avoided generically. For
−2 < b(0) < 2 experimentally it seems as though Minkowski set always has the same appearance,
and we conjecture that they are in fact topologically equivalent (see [8]).
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Figure 7. 3-dimensional sections (q3 = constant) of the Criminant of F1,0 with
4a31 > 27.
Similarly the normal forms with the property |b(0)| > 2 all have the same appearance and
it seems likely that they are topologically equivalent.
For an example take the function b(q) = b1 where b1 is a constant.
The caustic is the variety in the q space which satisfies the set of equations
Φ = t4 + b1t
2ε+ ε2 + q1t
3 + q2t
2 + q3t+ q4 = 0
∂Φ
∂t
= 4t3 + 2b1tε+ 3q1t
2 + 2q2t+ q3 = 0 and
∂Φ
∂t
= 12t2 + 2b1ε+ 2q1 = 0.
The caustic is given by
(q1, q2, q3, q4) = [q1, q2, 8t
3+3q1t
2,−(3+36
b2
)t4−(q1+3636
b2
q1)t
3−(12
b2
q2− 9
b2
q21)t
2− 6
b2
q1tq2− 1
b2
q22].
Figure 8 shows generic 3-dimensional sections of this caustic taking q1 as a constant. When
q1 is nonzero the sections contains a folded umbrella and a standard Whitney umbrella corre-
sponding to the C4 and F4 classes respectively. At q1 = 0 the C4 and F4 singularities merge to
give the K4,2 type point. Note that K4,2 belongs to the intersections of the closures of the C4
and F4 strata.
The criminant is the variety in the q space which satisfies the set of equations
Φ =
∂Φ
∂t
= 0,
∂Φ
∂λ
= b1t
2 + 2ε+ q2t = 0.
The criminant is given by
(q1, q2, q3, q4) = (q1, q2, (b
2
1 − 4)t3 − 2q2t− 3q1t2,
3
4
(b21 − 4)t4 + q2t2 + 2q1t3)
which is the product of a swallowtail with a line.
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Figure 8. 3-dimensional sections (q1 = constant) of the caustic of K4,2 with
|b1| < 2.
5. The Minkowski set in the tangential setting
A chord is said to be tangential if its base points a0 ∈M and b0 ∈ N , a0 6= b0, are such that
the tangent planes Ta0M and Tb0N intersect along a line that contains one of the base points,
say b0. In other words, the chord l(a0, b0) belongs to the tangent plane Ta0M .
In this case up to an appropriate affine transformation of R4 = {(x, y, w, z)} we can always
assume that the base chord pair a0, b0 coincides with the pair of points (0, 0, 0, 0), (−1, 0, 0, 0)),
the tangent plane to the surface M at a0 is parallel to the (x, y)-coordinate plane and the
tangent plane to N at b0 is parallel to the (y, w)-plane. In these coordinates the surface germs
M,a0 and N, b0 are graphs
M = {(x, y, w, z)|w = f(x, y), z = g(x, y)}, N = {(u, t, s, v)|u = r(s, t)− 1, v = p(s, t)}
where the functions f, g, r and p all have vanishing 1-jets at the origin. Similarly to many
previous cases we have the following proposition:
Proposition 4.20. After an appropriate stabilisation procedure (see proposition 4.8) the
initial generating family germ at the point λ = λ0 6= 0, 1, t = 0, q = 0 reduces to the form
Φ(t, ε, q) = (λ0 + ε)g(x˜(t, ε, q), y(t, ε, q)) + (µ0 − ε)p (s˜(t, ε, q), t)− q4(5.1)
where
y(t, ε, q) =
q2 − (µ0 − ε)t
λ0 + ε
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and x˜(t, ε, q) and s˜(t, ε, q) are unique smooth solutions of the system of equations
x˜ =
q˜1 − (µ0 − ε)r(s˜, t) + ε
λ0 + ε
, s˜ =
q˜3 − (λ0 + ε)f(x˜, y(t, ε, q))
µ0 − ε ,
where ε = λ− λ0, and q˜1 = q1 − µ0 vary in a vicinity of the origin.
5.1. Recognition of singularities in the tangential setting. Denote by A(t, ε) the
restriction to q˜1 = q2 = q˜3 = q4 = 0 of the family Φ being the organising centre. Write this as
the following power series.
A = a20t
2 + a11tε+ a02ε
2 + a30t
2 + a21t
2ε+ ...
for the coefficients
a20 = µ0p02 +
g02µ0
2
λ0
a11 = −g11µ0
λ0
a02 =
g20
λ0
a30 = µ0p03 − µ0
2p11f02
λ0
+
g11µ0
2r02
λ0
− g03µ0
3
λ0
2
a21 = −2g20µ0r02
λ0
− g02µ0
2
λ0
2 − p02 +
g12µ0
2
λ0
2 +
µ0p11f11
λ0
− 2g02µ0
λ0
a12 = −g21µ0
λ0
2 −
f20p11
λ0
+
g11
λ0
+
g11µ0
λ0
2
a03 = − g20
λ0
2 +
g30
λ0
2
a40 = −g11µ0
3r11f02
λ0
2 +
g20µ0
2r02
2
λ0
+
g11µ0
2r03
λ0
− µ0
3r02g12
λ0
2 −
µ0
2r02p11f11
λ0
+
µ0
3p11f03
λ0
2
−µ0
2p12f02
λ0
+
µ0
3p20f02
2
λ0
2 + µ0p04 +
g04µ0
4
λ0
3
a31 = −2g11µ0r02
λ0
− µ0
2p11f12
λ0
2 +
µ0p12f11
λ0
− g13µ0
3
λ0
3 − 2
µ0
2p20f11f02
λ0
2 −
g11µ0
2r02
λ0
2
−p03 + 2g03µ0
3
λ0
3 − 2
g20µ0r03
λ0
+ 2
µ0
2r02g21
λ0
2 + 2
µ0r02p11f20
λ0
+ 2
g20µ0
2r11f02
λ0
2
+3
g03µ0
2
λ0
2 +
g11µ0
2r11f11
λ0
2 +
µ0
2p11f02
λ0
2 + 2
µ0p11f02
λ0
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a22 =
g02µ0
2
λ0
3 + 2
g02µ0
λ0
2 +
g02
λ0
− 2g12µ0
2
λ0
3 −
µ0p11f11
λ0
2 − 2
g12µ0
λ0
2 −
p11f11
λ0
−3g30µ0r02
λ0
2 + 2
g20µ0r02
λ0
2 −
g11µ0r11f20
λ0
2 − 2
g20µ0r11f11
λ0
2 + 2
g20r02
λ0
+
µ0p11f21
λ0
2 −
p12f20
λ0
+
g22µ0
2
λ0
3 +
µ0p20f11
2
λ0
2 + 2
µ0p20f20f02
λ0
2
a13 =
g21
λ0
2 +
f20p11
λ0
2 + 2
g21µ0
λ0
3 −
p11f30
λ0
2 − 2
p20f20f11
λ0
2 −
g31µ0
λ0
3 −
g11
λ0
2
−g11µ0
λ0
3 + 2
g20r11f20
λ0
2
a04 =
p20f20
2
λ0
2µ0
+
g40
λ0
3 − 2
g30
λ0
3 +
g20
λ0
3
Ck series
The coefficients of the organising centre of terms in t only are in fact the same as those in
the transversal case. Therefore the conditions for the Ck singularities are the same as in the
previous case. Due to codimension only singularities of types C3 and C4 occur generically in
the tangential setting.
Bk series
As before, singularities of type Bk, k ≥ 2 occur on the base chord when the quadratic form of
A(t, ε) is degenerate, that is 4a20a02 − a211 = 0. This in terms of the original surface coefficients
is
4
g20µ0p02
λ0
+ 4
g20g02µ0
2
λ0
2 −
g11
2µ0
2
λ0
2 .
The expression vanishes when µ
λ
= 0 and when µ
λ
= −4 g20p02
4g20g02−g112
.
In the non-transversal case we had two singularities of type at least as degenerate as B3 on
each chord. In this tangential setting one of the B3 points has moved to the surface M . Here in
our coordinates we chose that the chord lies in the tangent space Tb0N . If on the other hand we
chose coordinates so that the chord lies in the tangent plane Ta0M , the B3 point would occur
on the surface N .
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Remark. It is interesting here to note the similarities between the present case and the tan-
gential case of a curve and surface in R3 (see chapter 3 section 5). If we consider a curve and
surface in R3 in the tangential setting and extend the space taking a product of our the curve
with R we obtain a similar setting to two surfaces in four space. In this instance an extra B3
type point occurs on the “extended” curve and the expression for the other B3 point is strikingly
similar to the present case.
For certain coefficients of the surface germs these B3 singularities can be more degenerate.
Namely if 4a220a21a
2
11+16a
4
20a03− 8a320a12a11− 2a20a30a311 = 0 we obtain singularities of type B4,
see section 4.1.
If on the other hand g11 = 0 then the singularity will be of type F4. Due to codimension no
further degenerations are possible and only one of these codimension 4 singularities will occur
on each chord generically.
5.2. Versality of singularities in the tangential setting. The versality of the possible
singularities in the tangential setting, namely B2, B3, B4, C3, C4 and F4, are all easily shown to
be generically versal by direct computation. This involves proving that the relevant derivative
matrices all have maximum rank generically (see section 4.2).
6. The Minkowski set in the bitangential setting
A chord is called bitangential if the distinct base points a0 ∈M and b0 ∈ N are such that the
tangent planes Ta0M and Tb0N share a common line l(a0, b0) which passes through the points
a0 and b0.
In this case up to an appropriate affine transformation of R4 = {(x, ŷ, w, z)}, where ŷ =
y − 1 we can always assume that the base chord pair a0, b0 coincides with the pair of points
(0, 0, 0, 0), (0,−1, 0, 0)), the tangent plane to the surface M at a0 is parallel to the (x, ŷ)-
coordinate plane and the tangent plane to N at b0 is parallel to the (ŷ, w)-plane. In these
coordinates the surface germs M,a0 and N, b0 are given as graphs
M = {(x, ŷ, w, z)|w = f(x, y), z = g(x, y)}, N = {(u, t, s, v)|u = r(s, t), v = p(s, t)}
where the functions f, g, r and p all have vanishing 1-jets at the origin.
Proposition 4.21. Using an appropriate stabilisation procedure (see proposition 4.8) the
initial generating family germ at the point λ = λ0, t = 0, q = 0 reduces to the form
Φ(t, ε, q) = (λ0 + ε)g(x˜(t, ε, q), y(t, ε, q)) + (µ0 − ε)p (s˜(t, ε, q), t)− q4(6.1)
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where
y(t, ε, q) =
q˜2 − (µ0 − ε)t+ ε
λ0 + ε
and x˜(t, ε, q) and s˜(t, ε, q) are unique smooth solutions of the system of equations
x˜ =
q˜1 − (µ0 − ε)r(s˜, t)
λ0 + ε
, s˜ =
q˜3 − (λ0 + ε)f(x˜, y(t, ε, q))
µ0 − ε ,
where ε = λ− λ0, and q˜2 = q2 − λ0 vary in the vicinity of the origin.
6.1. Recognition of singularities in the bitangential setting. Denote by A(t, ε) the
restriction to q1 = q˜2 = q3 = q4 = 0 of the family Φ being the organising centre. Write this as
the following power series:
A = a20t
2 + a11tε+ a02ε
2 + a30t
2 + a21t
2ε+ ...
for the coefficients
a20 = µ0p02 +
g02µ0
2
λ0
a11 = −2g02µ0
λ0
a02 =
g02
λ0
a30 = −µ0
2p11f02
λ0
− g03µ0
3
λ0
2 +
g11µ0
2r02
λ0
+ µ0p03
a21 = −g02µ0
2
λ0
2 − 2
g02µ0
λ0
+ 3
g03µ0
2
λ0
2 −
g11µ0r02
λ0
+ 2
µ0p11f02
λ0
− p02
a12 = −p11f02
λ0
+ 2
g02µ0
λ0
2 + 2
g02
λ0
− 3g03µ0
λ0
2
a03 = − g02
λ0
2 +
g03
λ0
2
As in the previous case the C3 singularity occurs on the base chord when
λ
µ
= −p02
g02
.
There is a B3 singularity on the base chord when 4a20a02 − a211 = 0; substituting in the
terms gives 4g02µp02
λ
= 0. So a B3 singularity occurs on the base chord at µ = 0, however in this
chapter we are only concerned with µ 6= 0, 1. By symmetry the other B3 singularity occurs at
λ = 0. Further singularities are excluded due to the transversality theorem.
Remark. In [11] D. Dreibelbis gives a formula relating the number of these bitangential chords
with other global geometrical invariants for surfaces in four space. It would also be interesting to
try to relate the number of the various singularity types with such global geometrical invariants
of surfaces.
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6.2. Versality of singularities in the bitangential setting. The generic singularities in
the bitangential setting, namely B2 and C3 are all easily shown to be versally unfolded by direct
computation. This involves proving that the relevant derivative matrices all have maximum
rank generically (see section 4.2).
6.3. Wave fronts in the non-transversal, tangential and bitangential settings.
Following exactly the same methods as in section 7 we see that the list of generic bifurcations of
affine equidistants in the non-transversal, tangential and bitangential cases are subsets of those
of the transversal case in theorem 4.14.
Proposition 4.22. The generating family in the non-transversal (tangential or bitangetial)
case is time-space equivalent to the generating family in the transversal case.
Corollary 4.23. The possible singularities of the wave fronts are a subset of the list of
singularities in the transversal case. Due to codimension only singularity types: A1, A2, A3
and A4 occur generically in the non-transversal setting; A1, A2 and A3 occur generically in the
tangential setting; A1 and A2 occur generically in the bitangential setting
7. The Minkowski set in the parallel setting
A chord is called parallel if the chords its distinct base points a0 ∈ M and b0 ∈ N are such
that the tangent planes Ta0M and Tb0N are parallel but distinct.
In this case up to an affine transformation we may assume that the germ M,a0 is given by
the embedding r1 : U → R4, of the form
r1 : (x, y) 7→ (x, y, f(x, y), g(x, y)− 1),
and the germ N, b0 is given by the embedding r2 : V → R4, of the form
r2 : (s, t) 7→ (s, t, r(s, t), p(s, t))
where the functions f, g, r and p all have vanishing 1-jet.
Then the generating family F defining the Minkowski set takes the form F = An1 +Bn2 +
Cn3 +Dn4 where
A = λx+ µs− q1; B = λy + µt− q2;
C = λ(f(x, y)) + µr(s, t)− q3; D = λ(g(x, y)− 1) + µp(s, t)− q4.
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Assuming λ 6= 0, 1, the number of variables can be reduced via stabilisation by setting
x =
q1 − µs
λ
and y =
q2 − µt
λ
and considering the generating family germ
F = nE(s, t, λ, q) +H(s, t, λ, q)
where n = n3/n4, E = ϕ10s+ ϕ01t+ ϕ20s
2 + ϕ11st+ ϕ02t
2 + ...− q3, H = ψ10s+ ψ01t+ ψ20s2 +
ψ11st+ ψ02t
2 + ...− q4 − λ, and
ϕ10 = −µ
λ
(2f20q1 + f11q2); ϕ01 = −µ
λ
(f11q1 + 2f02q2);
ψ10 = −µ
λ
(2g20q1 + g11q2); ψ01 = −µ
λ
(g11q1 + 2g02q2);
ϕ20 =
µ
λ
(µf20 + λr20) +
µ2
λ2
(3f30q1 + f21q2) ; ϕ11 =
µ
λ
(µf11 + λr11) +
µ2
λ2
2 (f21q1 + f12q2) ;
ϕ02 =
µ
λ
(λr02 + f02µ) +
µ2
λ2
(f12q1 + 3f03q2) ; ψ20 =
µ
λ
(λp20 + g20µ) +
µ2
λ2
(3g30q1 + g21µq2) ;
ψ11 =
µ
λ
(λp11 + g11µ) +
µ2
λ2
(2g21q1 + 2g12q2) ; ψ02 =
µ
λ
(g02µ+ λp02) +
µ2
λ2
(g12µq1 + 3g03µq2) .
Notice that the value of n is not specified by the Legendre conditions. The Minkowski set
for the family of this shape can be studied using the theory of bifurcation diagrams of functions
on complete intersections [19].
Consider the following auxiliary mapping:
GF : R
2 × Π→ R2, GF : (s, t, λ, q) 7→ (E,H)
where Π is the parameter space (λ, q) ∈ R× R4 and R2 = {(s, t)} in the source.
Lemma 4.24. The extended wave front of F in the parameter space Π coincides with the
bifurcation diagram of the map GF .
Proof. The Legendre conditions F = 0 and ∂F
∂n
= 0 imply that E and H are both zero.
The remaining conditions ∂F
∂s
= 0 and ∂F
∂t
= 0 are the same as
W =
∣∣∣∣∣ ∂E∂s ∂E∂t∂H
∂s
∂H
∂t
∣∣∣∣∣ = 0. 2
So the Legendre conditions for the generating family are the same as those that give a critical
point at the zero level set of the mapping GF .
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Lemma 4.25. The defining equations for the caustic of the generating family are equivalent
to those for the mapping GF to be degenerate.
Proof. The extra condition
C1 =
∣∣∣∣∣∣∣
∂2F
∂s2
∂2F
∂s∂t
∂2F
∂s∂n
∂2F
∂s∂t
∂2F
∂t2
∂2F
∂t∂n
∂2F
∂s∂n
∂2F
∂t∂n
∂2F
∂n2
∣∣∣∣∣∣∣ = 0
is the same as
C2 =
∣∣∣∣∣∣∣
∂E
∂t
∂E
∂s
∂E
∂λ
∂H
∂t
∂H
∂s
∂H
∂λ
∂W
∂t
∂W
∂s
∂W
∂λ
∣∣∣∣∣∣∣ = 0
where ∂E
∂λ
= 0. After expansion we find
C1 = C2 =
∂E
∂t
(
∂2H
∂t∂s
∂E
∂s
− ∂H
∂s
∂2E
∂t∂s
+
∂2E
∂s2
∂H
∂t
− ∂E
∂t
∂2B
∂s2
)
−∂E
∂s
(
∂2H
∂t2
∂E
∂s
− ∂
2E
∂t2
∂H
∂s
+
∂2E
∂s∂t
∂H
∂t
− ∂
2H
∂s∂t
∂E
∂t
)
. 2
The group of contact transformations G 7→M ·GF ◦ θ depending on parameters acts on the
mapping G multiplying it from the left by some non-degenerate 2 × 2 matrix M(s, t, λ, q) and
composing with a diffeomorphism θ : R2 × Π→ R2 × Π of the form
θ : (s, t,Π) 7→ (S(s, t,Π), T (s, t,Π), P (Π)),
which preserves the projection to the parameter space.
When the diffeomorphism θ is of the special form
θ : (s, t, λ, q) 7→ (S(s, t, λ, q), T (s, t, λ, q),Λ(λ, q), Q(q)),
then the action corresponds to the space-time group and preserves the diffeomorphic type of
the Minkowski set. When the diffeomorphism θ is of the special form
θ : (s, t, λ, q) 7→ (S(s, t, λ, q), T (s, t, λ, q),Λ(λ), Q(λ, q)),
then the action corresponds to the time-space group and preserves the diffeomorphic type of
the bifurcations of instantaneous fronts.
Our further results are based on the classification of lower codimension singularity classes
with respect to the contact group action on mappings (see works of J. Mather [24] and Guisti
[17]) and on V. Goryunov’s classification of singularities of functions on complete intersections
[19].
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7.1. Classification. Set ε = λ − λ0 for some constant λ0 and set q4 = q˜4 − λ0. The
restrictions E0(s, t, ε) = E|q=0 and H0(s, t, ε) = H|q=0 of the functions E and H to the base
chord have zero 1-jet in s and t for any λ0 and any ε since the functions f, g, p and r all start
with quadratic terms.
We may assume that at any point on a generic base chord the 2-jet of H0 is a non-degenerate
quadratic form in variables s and t
H20 = b20s
2 + 2b11st+ b02t
2 − ε
with b211 6= b20b02. In fact, for any value of λ we can always replace H0 by H0 + cE0 for some
constant c if needed.
Since the generic pencil of the quadratic forms spanned by E20 and H20 always contain a
hyperbolic form which can be written as st in some new coordinates then using a space-time
diffeomorphism θ we can always reduce H to the form
H = st− ε.
Replacing E by E˜ = E+hH, where h(s, t, ε) is some factor, we can always assume that E˜ does
not depend on ε. So the 2-jet of E˜ can be written as
E˜2 = a20(λ0, q)s
2 + a11(λ0, q)st+ a02(λ0, q)t
2 + a10(λ0, q)s+ a01(λ0, q)t− q3
for some functions aij which do not depend on ε.
For almost all points λ0 on the generic base chord the quadratic form E˜2 is non-degenerate
and is not a multiple of H20|ε=0. We call these conditions the codimension 0 case.
Lemma 4.26. In the codimension 0 case the germ of the mapping GF is space-time contact
equivalent to one of the following normal forms:
Ĉ±2, 2 :=
E∗ = s2 ± t2 + q1s+ q2t+ q3H∗ = st− ε(7.1)
C˜2, 2 :=
E∗ = s2 − t2 + q1s+ q2t+ q3H∗ = s2 + t2 − ε.(7.2)
Proof. The proof is based on the following result [19]: A deformation of a function on a
complete intersection is versal if and only if it is infinitesimally versal.
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So besides verifying the genericity conditions we will prove that the systems (7.1) and (7.2)
both provide an infinitesimally versal deformation of the ε-coordinate function germ on the
complete intersection s2 ± t2 = 0st− ε = 0.
Having already reduced H to the normal form it is enough now to show that any vector
function
(
ϕ(s, t)
0
)
has the following decomposition
ϕ = h11(s2 ± t2) + h12(st− ε) + 2sS˙ ± 2tT˙ + q˙1s+ q˙2t+ q˙30 = h21(s2 ± t2) + h22(st− ε) + tS˙ + sT˙ − ε˙(7.3)
for some functions hij(s, t, ε), S˙(s, t, ε), T˙ (s, t, ε), ε˙(ε) and constants q˙i.
In fact, by Malgrange’s preparation theorem it is enough to solve the system (7.3) for q = 0
only, since each term is an element of a module over the functions in q. The function ϕ does
not depend on ε so we set h12, h22 and ε˙ to be zero, considering the truncated system
ϕ = h11(s2 ± t2) + 2sS˙ ± 2tT˙ + q˙1s+ q˙2t+ q˙30 = h21(s2 ± t2) + tS˙ + sT˙ .(7.4)
The second equation provides S˙ = sψ∓th21 and T˙ = −tψ−sh21 with arbitrary functions ψ(s, t)
and h21(s, t). Substituting this into the first equation of the system (7.4) yields:
ϕ(s, t) = h11(s
2 ± t2) + ψ(2s2 ∓ 2t2)∓ 4sth21 + sq˙1 + tq˙2 + q˙3.
The latter is equivalent to the obvious fact that the classes of the affine functions in s
and t span the factor space of all germs in s and t factorised by the ideal generated by three
independent quadratic forms s2 ± t2, s2 ∓ t2 and st.
We now check that the case (7.2) provides an infinitesimally versal deformation of the ε-
coordinate function germ on the complete intersection
s2 − t2 = 0s2 + t2 − ε = 0.
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Having already reduced H to the normal form it is enough now to show that any vector
function
(
ϕ(s, t)
0
)
has the following decomposition
ϕ = h11(s2 − t2) + h12(s2 + t2 − ε) + 2sS˙ − 2tT˙ + q˙1s+ q˙2t+ q˙30 = h21(s2 − t2) + h22(s2 + t2 − ε) + 2sS˙ + 2tT˙ − ε˙(7.5)
for some functions hij(s, t, ε), S˙(s, t, ε), T˙ (s, t, ε), ε˙(ε) and constants q˙i.
In fact, by Malgrange’s preparation theorem it is enough to solve the system (7.5) for q = 0
only, since each term is an element of a module over the functions in q. The function ϕ does
not depend on ε so we set h12, h22 and ε˙ to be zero, considering the truncated system
ϕ = h11(s2 − t2) + 2sS˙ − 2tT˙ + q˙1s+ q˙2t+ q˙30 = h21(s2 − t2) + 2sS˙ + 2tT˙ .(7.6)
The second equation provides S˙ = tψ − 1
2
sh21 and T˙ =
1
2
th21 − sψ with arbitrary functions
ψ(s, t) and h21(s, t). Substituting this into the first equation of the system (7.6) yields:
ϕ(s, t) = h11(s
2 − t2)− h21(s2 + t2) + 4stψ + sq˙1 + tq˙2 + q˙3.
The latter is equivalent to the obvious fact that the classes of the affine functions in s
and t span the factor space of all germs in s and t factorised by the ideal generated by three
independent quadratic forms s2 − t2, s2 + t2 and st. Lemma 4.26 is proven. 2
Remark. The Minkowski sets in these codimension 0 cases are 1-dimensional cylinders over
the bifurcation diagrams of the functions on complete intersections for one of the normals form
of lemma 4.26.
For some special values λ0 the quadratic form E20 can be degenerate of rank 1. We call this
the degenerate form case.
Lemma 4.27. In the generic setting for the degenerate form case the germ of the mapping
GF is space-time contact equivalent to the following normal form:
Ĉ2, 3 :=
Ê = s2 + t3 + q4t2 + q1s+ q2t+ q3.Ĥ = s2 − t2 − ε.(7.7)
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Proof. Under the genericity assumptions in this case the 2-jets of functions Ê and Ĥ
restricted to q = 0 can be chosen as Ê20 = s
2, Ĥ20 = s
2 − t2 − ε.
Moreover the component Ĥ can be chosen to be of the same form due to the Morse function
theorem.
As before, besides the verification of the necessary genericity conditions the proof consists
of checking the infinitesimal versality of the deformation (7.7) of the coordinate function ε on
the complete intersection s2 + t3 = 0s2 − t2 − ε = 0.
Similarly to the previous case it is enough now to find for any function ϕ(s, t) a truncated
decomposition
ϕ = h11(s2 + t3) + 2sS˙ + 3t2T˙ + q˙4t2 + q˙1s+ q˙2t+ q˙30 = h21(s2 + t3) + 2sS˙ − 2tT˙ .(7.8)
Solving the second equation we get T˙ = 1
2
t2h21 +Ks and S˙ = −12sh21 +Kt with arbitrary
functions h21 and K. This makes the first equation in (7.8) equivalent to
ϕ = h11
(
s2 + t3
)
+ h21(
3
2
t4 − s2) +K (2st+ 3st2)+ q˙4t2 + q˙1s+ q˙2t+ q˙3.
The latter holds for any ϕ since 1, s, t, t2 span over R the factor algebra C∞s,t/J , where J is
the ideal generated by s2 + t3, 3
2
t4 − s2 and 2st+ 3st2. Lemma 4.27 is proven. 2
The final case of codimension 1 occurs for special values of λ0 when the quadratic form of E0
and H0 have a common linear factor. In this instance the pencil line in the space of quadratic
forms is tangent to the cone. We call this the common factor case.
Lemma 4.28. In the generic setting for the common factor case the germ of the mapping
GF is space-time contact equivalent to the following normal form:
C˜2, 3 :=
E˜ = s2 + 2st+ t3 + q4t2 + q1s+ q2t+ q3H˜ = st− ε.(7.9)
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Under the genericity assumptions in this case the 2-jets of functions E˜ and H˜ restricted to
q = 0 can be chosen as E˜20 = s
2+2st, H˜20 = st− ε, and the component H˜ itself remains in the
same form by the Morse function theorem.
As before besides the verification of the necessary genericity conditions the proof consists
essentially of the checking the infinitesimal versality of the deformation (7.9) of the ε-coordinate
function on the following complete intersection
s2 + 2st+ t3 = 0st− ε = 0.
Similarly to the previous cases it is enough now to find for any function ϕ(s, t) a truncated
decomposition
ϕ = h11(s2 + 2st+ t3) + 2(s+ t)S˙ + (2s+ 3t2)T˙ + q˙4t2 + q˙1s+ q˙2t+ q˙30 = h21(s2 + 2st+ t3) + tS˙ + sT˙ .(7.10)
Solving the second equation yields S˙ = −2sh21 + sK − t2h21 and T˙ = −sh21 − tK for some
arbitrary functions K and h21.
Substituting this into the first equation yields
ϕ(s, t) = h11(s
2 + 2st+ t3)− 2h21(3s2 + 2st+ 2st2 + t3) +K(2s2 − 3t3) + q˙3t2 + q˙3 + q˙1s+ q˙2t.
Again the classes 1, s, t, t2 span the factor algebra C∞s,t/J , where J is the ideal generated by
s2 + 2st+ t3, 3s2 + 2st+ 2st2 + t3 and 2s2 − 3t3. So lemma 4.28 is proven. 2
Remark. In [18] the complete classification of bifurcation problems in codimension three or
less was given. For two state variables the list that was given is equivalent to the present list of
codimension 0 classes. A three dimensional sketch of the transition variety for the normal form
equivalent to what we call Ĉ+2, 2 was also illustrated. The two components that make up our
caustic occurred in that text as the bifurcation variety and the hysteresis variety respectively.
7.2. Recognition of Parallel Case Singularities. So far we have classified the possible
singularity types up to the contact group transformations G that also preserve the special form
of the two functions E and H, so that E did not depend on ε. In this section we give the
170 4. SURFACES IN FOUR SPACE
necessary and sufficient conditions to determine the singularity type at each point on the chord
in terms of the initial jets of the surface germs.
If E˜2 is degenerate, that is ϕ
2
11 6= 4ϕ20ϕ02, then we obtain the singularity Ĉ2, 3. In this
instance the pencil H20 + cE20 for c ∈ R intersects the cone at just one point. The singularity
of type C˜2, 3 happens when the pencil H20+ cE20 for c ∈ R, is tangent to the cone of degenerate
quadratic forms. If the pencil does not intersect the cone then we obtain singularities of the
type Ĉ−2, 2. If the pencil intersects the chord in two places they will either lie on the same side
or on opposite sides of the degenerate quadratic cone. If they are on the same side we get
singularities of the type C˜2, 2 but if they are on opposite sides we get singularities of the type
Ĉ+2, 2.
Remark. It is well known that there are three possible codimension 0 conic section types of
intersecting a plane with the degenerate quadratic cone: ellipse, parabola and hyperbola. The
present classification is the same as classification up to codimension 1 of the possible intersections
of the cone with the flag variety consisting of point, a line and a plane.
Away from the surfaces themselves on each chord there are at most two points of type Ĉ2, 3
corresponding to the solutions of ϕ211 = 4ϕ20ϕ02 being
µ
λ
=
2r02f20 + 2f02r20 − r11f11 ± 2
√
(2r02f20 + 2f02r20 − r11f11)2 − (4f02f20 − f 211)(4r02r20 − r211)
f 211 − 4f02f20
.
Remark. The above formula is almost the same as the condition for B3 singularities in the
non-transversal case. The only difference is that g, p are replaced by f and p. This is a result
of the adapted coordinates that were chosen arbitrarily. In both cases the coefficients belong to
the jets of the surface germs corresponding to the direction that is not spanned by the Tam,TbN
and the direction of the chord l(a, b).
Away from the surface germs themselves, on each chord there are four points of type C˜2, 3
corresponding to the when the quartic expression
(7.11) φ220ψ
2
02 − φ20ψ02ψ11φ11 − 2φ20ψ02ψ20φ02 − ψ11φ11ψ20φ02 + ψ220φ202 + φ20φ02ψ211 + φ211ψ20ψ02
in µ0
λ0
vanishes.
If the above expression is negative then we obtain singularities of type Ĉ−2, 2. If both (7.11)
and 4ϕ20ϕ02 − ϕ211 are positive then we obtain type Ĉ+2, 2, but if on the other hand (7.11) is
positive but 4ϕ20ϕ02 − ϕ211 is negative then we get singularities of the type C˜2, 2.
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Figure 9. A 3-dimensional section (q4 = constant) of the caustic of Ĉ
+
2, 2. The
caustic appears as the above image multiplied by R.
Figure 10. A 3-dimensional section (q4 = constant) of the caustic of Ĉ
−
2, 2. The
caustic appears as the above image multiplied by R.
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Figure 11. A 3-dimensional section (q4 = constant) of the caustic of C˜2, 2. The
caustic appears as the above image multiplied by R.
Figure 12. A 3-dimensional section (q4 = 0) of the Caustic of Ĉ2, 3.
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Figure 13. A 3-dimensional section (q4 = 0) of the Caustic of C˜2, 3 shown from
two different directions.
CHAPTER 5
Future directions
In this thesis we have studied the Minkowski set and the bifurcations of wave fronts for a
generic space curve and surface in three space and also for two surfaces in four space. Clearly
there is plenty of scope for future research. There is an infinite series of possible cases to
study, for example two submanifolds Mk1 and Nk2 in the space RK . All these cases involve
studying the envelopes of 1-dimensional chords, but equally it would also be interesting to
study the envelopes of p-dimensional planes joining three or more submanifolds. There is also
the possibility of studying the Minkowski set in different spaces such as hyperbolic, Riemannian
or Minkowski space. In section 8 of chapter 3 the Minkowski set and the families of wave
fronts were studied near the surface M . The case of near the space curve itself was not studied
however. The space curve, being of lower dimension than the Minkowski set means, leads to
some difficulties. One possibility is to “blow up” the curve (see for example [34]). Testing
the stability of the normal forms then requires some additional modification to the permitted
diffeomorphisms on the parameter space.
Some experimentation strongly suggest the following.
In the transversal case the criminant is empty. The caustic can interact with the space curve
generically in one of the following ways:
1) The caustic is just the space curve itself.
2) The caustic is a smooth surface that contains the space curve.
3) The caustic is a Whitney umbrella where the self intersection is made up of half of the
space curve.
4) The caustic is a folded Whitney umbrella where the self intersection is made up of half
of the space curve.
Interestingly the Whitney umbrella and the folded Whitney umbrella both occur in the
caustic with the same codimension; both occurring generically at isolated points. This seems
to be the first instance that this happens for Lagrangian singularities.
In the tangential case we get B˜2, B˜3 and C˜3 types.
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1) At B˜2 type points the caustic is empty and the criminant is a smooth surface containing
the space curve.
2) At B˜3 type points the caustic is a folded Whitney umbrella where the self intersection is
made up of half of the space curve.
3 ) At C˜3 type points the caustic and the criminant are smooth with high order tangency at
this point.
Clearly this needs more study.
In particular this can be applied to problems involving wave propagation. For example,
consider an initial space curve which emits rays from every point and that the speed of a ray
at any point is completely determined by its direction. Think of for example the filament in an
incandescent light bulb. The family of rays in this situation can be studied using the following
slightly modified generating family:
F(n, t, x, y, µ, q) = 〈r1(t) + µr2(x, y)− q, n〉.
Notice here that λ is absent. This means that points on the chords only lie on the surface
when µ is infinite. Here the initial curve is given by the embedding r1(t) and the indicatrix of
admissible velocities is described by the embedding r2(x, y). The boundary set of attainability
of the rays after a given time µ will in fact be the wave front Eµ. The caustics then correspond
to the singularities of this boundary set of attainability, (see [30]). Again, this could also be
extended to higher dimensions.
It would also be interesting to extend the study to consider global problems, such as topo-
logical problems on possible coexistence of singularities or trying to find bounds on the possible
numbers of singularity types. For a curve and a surface in three space, we could take the surface
M to have up to fourth jet the same as a piece of a sphere, say of radius R. That is, it has the
Taylor expansion
F =
1
2R
x2 +
1
2R
y2 +
1
8R
x4 +
1
24R
x2y2 +
1
8R
y4 + ...
Of course this a highly non-generic situation but this may well have some useful physical
applications. In this instance the conditions for an A4 singularity at the half way point coincides
with the surface being the osculating sphere with 5th order contact, in other words when there
is a vertex on the curve. The condition for an A∗3 singularity in the wave fronts coincides with
the condition that the space curve has what is called a pseudo vertex. A point on a curve is said
to be pseudo vertex if the centre of its osculating (hyper) sphere lies in its osculating (hyper)
plane (see [33]). Points where the caustics go to infinity in this case correspond to flattenings
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of the curve. A result by R. Uribe-Vargas [33] states that for a generic closed curve smoothly
immersed in Rm+1 the number of vertices plus the number of pseudo vertices is greater or equal
to the number of flattenings, and also greater than or equal to two. This implies that for a
closed curve smoothly immersed in Rm+1 the following inequalities hold:
#A∗3 +#A4 ≥ A∞3 , #A∗3 +#A4 ≥ 2
where #A∞3 is the number of A3 points that go to infinity. I leave it as a conjecture that these
relations also hold if the surface M is not a sphere.
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